LECTURE 1. SMOOTH MORPHISMS.

DORIN POPESCU

A ring morphism h : A — B is called quasi-smooth if for any A-algebra D and
an ideal I C D with I? = 0, any A-morphism B — D/I lifts to an A-morphism
B — D . If any such lifting is unique, then h is quasi-etale. A quasi-smooth (resp.
quasi-etale) is called smooth (resp. etale) if it is finitely presented and it is called
essentially smooth (resp. essentially etale) if it is a localization of a smooth (resp.
etale) morphism.

Example 1. i) A polynomial algebra A[X, ..., X,] is smooth over A.

ii) A localization Ag is essentially etale over A.

i) If f = (f1,...,fn) € A[Xq,..., X,,]" with A = det(0f;/0X,) # 0 then B =
(A[X1,..., X,]/(f))a is etale. Indeed, a morphism ¢g : B — D/I is given by X; —
(x; + I) for some z; € D. To lift g to a morphism B — D means to find t; €
I such that f(x; + t1,...,2, +t,) = 0. By Taylor’s formula this is equivalent
to find a solution to the linear system of equations ) .(0f;/0X;)(x1,...,2,)T; +
fi(z1,...,x,) = 0, i € [n]. This holds uniquely applying Cramer’s rule, which
means that B/A is etale.

iv) Now let f = (f1,...,fr) € A[Xy,...,X,]", » < n and A be some 7 X r-
minor of the Jacobian matrix (0f;/0X;). Then a similar proof shows that B =
(A[X1,..., X,]/(f))a is smooth over A. In particular, if r = 1 and f' = 0f/0X,
then B = (A[X1,...,X,]/(f))s is smooth over A.

Remark 2. Conversely, Grothendieck showed in [2] (see also [7, Theorem 2.5]) that
any smooth A-algebra looks locally like (A[X7, ..., X,]/(f)) as above.

Lemma 3. Let B be a quasi-smooth (resp. quasi-etale) A-algebra and g : B — C
a morphism of A-algebras such that C is quasi-smooth (resp. quasi-etale) over B,
the structure of B-algebra of C being given by g. Then C is quasi-smooth (resp
quasi-etale) over A.

Proof. Let D be an A-algebra, J C D an ideal and w : C' — D/J an A-morphism.
Then there exists an A-morphism v : B — D lifting wg because B is quasi-smooth
over A. Thus D has a structure of B-algebra via v and there exists a B-algebra
lifting w : C'" — D of w because C' is quasi-smooth over B. Clearly, w is also an
A-algebra lifting of w. The quasi-etale case goes similarly. 0

Lemma 4. (Base change) Let v : A — B be a quasi smooth morphism and C an
A-algebra. Then C ® u is also quasi smooth.

Let B = A[Xy,...,X,]/I, F the free B-module with basis dX;, ¢ € [n] and
d: I — F the map defined for f € I by d(f) = > ,(0f/0X;)dX;. As d(I*) =0
note that d induces a map d; : I/I* — F.
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Proposition 5. B is quasi-smooth if and only if d; has a retraction.

Proof. Let D be an A-algebra, J C D an ideal with J> =0 and g : B — D/J an
A-morphism, let us say g is given by X; — z; + J, i € [n] for some z; € D. Let
h: A[Xy,...,X,] = D be the map given by f — f(z). We have h(I) C J and so h
induces a map hy : /1> — J because J? = 0.

As in Example 1 we note that g can be lifted to a map B — D if there exists

t = (t1,...,t,) in J which is a solution of the linear system of equations
> (0f/0X;)(@)T; + f(z) =0
j=1

for all f € I. Since J* = 0 we see that J is a D/J-module and so a B-module via g.
Therefore, g can be lifted to a map B — D if and only if there exists a B-module
morphism ¢ : ' — J (in our case given by dX; — t;) such that od; = —h;.

Now the sufficiency is trivial because if d; has a retraction ¢ then we may take
¢ = —hy. Conversely, take D = A[X1,...,X,]/I?, J =1/I? g=1gand h; = 1;/p2.
Then there exists a lifting B — D and so as above there exists ¢ : F' — J such that
wd; = —hy. Thus d; has a retraction. U

Lemma 6. B is smooth over A if and only if B,, is smooth over A for every maximal
tdeal m of B.

Proof. Let dr : I/I?* — F be as above. Using the above proposition it is enough to
see that d; has a retraction if and only if B,, ® d; has a retraction for each maximal
ideal m of B as shows the following elementary lemma. 0

Lemma 7. Let v : M — N be an A-morphism of finitely presented A-modules.
Then v has a retraction if and only if A,, ® v has a retraction for all maximal ideal
m of A.

Proof. Let v' : Homy(N, M) — Homy (M, M) be the map given by g — gv. Then
v has a retraction if and only if 1), € Imv’, that is if and only if v’ is surjective.
Note that (Hom4 (N, M)),, = Homu , (N,,, M,,) because N, M are finitely presented
A-modules. Clearly, v’ is surjective if and only if A,, ® v’ is surjective for all maximal
ideal m of A, which is enough. O

A ring morphism u : A — A’ has regular fibers if for all prime ideal () € Spec A’
the ring (A'/u"1(Q)A’)q is a regular local ring. The purpose of our lectures will be
to sketch a proof to the following theorem.

Theorem 8. (General Neron Desingularization, Popescu [3], [4], [5]) Suppose that
ADQ andletu: A — A" be a reqular morphism of noetherian rings. Then any A-
morphism v : B — A’ factors through a smooth A-algebra C, that is v is a composite
A-morphism B — C — A’.

Let B = A[X4,...,X,]/(f) for some systems of polynomials f. Roughly speaking
the above theorem says that one can extend the solution v(X) of f to a solution of
a bigger system of polynomial equations g from A[X1,..., X, Y), ..., Yy] such that

C=AXy,...,X,,Y1,...,Yn]/(g) is a smooth A-algebra.
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Remark 9. The above theorem is also true when A does not contain Q but then
we must suppose that u is the so called geometrically regular. Also the conclusion of
this theorem could say that A’ is a filtered colimit of smooth A-algebras. Clearly, the
last statement implies the previous one. The converse is also easy (see [1, Lemma
5.2], or [7, Lemma 1.5]) but probably we will not use in our lectures.

Example 10. Let K /k be a separable field extension, g a system of polynomial equa-
tions from kY], Y = (Y1,...,Y,) and y € K™ asolution of g in K. Then there exists
a finite type field subextension E/k of K/k such that y € E™. Since F/k is separa-
ble and of finite type, it is separable generated, let us say F = k(z1,...,x,), where
x1,...,%,_1 18 a transcendental basis over k£ and z, is a primitive algebraic separable
element over k(z1,...,x,_1). Let f = Irr(k(xy,...,2,—1),2.) € k(x1, ..., 21)[X,].
Then the partial derivation ' = 0f/0X, satisfies f'(x,) # 0 and E = Q(k[X]/(f))
is essentially smooth over k. Clearly the map v : B = k[Y]/(9) — K factors
through a smooth k-algebra C of type (k[X]/(f)) s for some h € k[X]\ (f), where
we identify X; with x; for ¢ < r.
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LECTURE 2. THE SMOOTH LOCUS OF A MORPHISM.

DORIN POPESCU

Let B be finitely presented A-algebra, let us say B = A[X}, ..., X,,]/I, where [
is finitely generated. If f = (f1,...,f;), r < n is a system of polynomials from [
then we can define the ideal Ay generated by all r x r-minors of the Jacobian matrix
(0fi/0X;). After Elkik [2] let Hp/a be the radical of the ideal > (((f) : 1)A;B,
where the sum is taken over all systems of polynomials f from I with » < n. An
element d € Hp/4 is called standard if there exists a system of r-polynomials f from

I, 7 <nsuch that d € \/((f) : )A;B. If d € ((f) : [)A;B for some f then we call

a strictly standard.

Remark 1. Let S C B be a multiplicative set in B. Then (Hp/a)s = Hpg/a.
We would like to prove a stronger form as I state in the first lecture.

Theorem 2. (General Neron Desingularization, Popescu [5], [6], [7]) Suppose that
ADQ and let u : A — A’ be a reqular morphism of noetherian rings. Then any
A-morphism v : B — A" can be factorized through a standard smooth A-algebra B’,
that is v is a composite A-morphism B — B' — A’.

Lemma 3. Let K/k be a separable field extension, (A,m) an Artinian local k-
algebra, A= A®, K and A’ = (A), ;. Then A’ is an Artinian local K -algebra with
the maximal ideal mA’ and any A-morphism v : B — A’ can be factorized through a
standard smooth A-algebra B’, that is v is a composite A-morphism B — B" — A'.

Proof. As in the last example of the first lecture we express K = U;k; as a filtered
union of finite type field extensions. Set A; = A ® k;. Then A = U;A; is a filtered
union of local k-subalgebras of A’. We have k; = Q(k[X,...,X,]/(g)) for some
monic polynomial g with ¢' = 0g/0X ¢ (g) and so A; = (A[X1,..., X;]/(9))(m.g)-
Thus A’ is a filtered union of essential smooth A-algebras A;. Since B is of fi-
nite type over A, v factors through A; for some i. But A; is a filtered induc-
tive limit of standard smooth algebras of type B’ = A[X;, ..., X,]/(g))yn for some
h e A[Xy,...,X,]\ (m,g) and so v factors through such B’. O

Theorem 4. General Neron Desingularization holds for Artinian local rings.

Proof. Let (A,m,k) be a local Artinian ring containing Q and u : A — A’ be a
regular morphism of Artinian local rings. Then mA’ is the maximal ideal of A’
and let k' = A’/mA’. By [3] there exists in general (that is even A is not Artinian
but Noetherian) a flat complete Noetherian local A-algebra C, unique up to an
isomorphism, such that mC' is the maximal ideal of C' and C'/mC = k’. As any
Artinian local ring is complete we see that in fact A’ is unique given with the above

properties. But in the above lemma we constructed one A-algebra A’ of this type
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as a localization of A ®; k’. By unicity this should be our A’ and it is enough to
apply the above lemma. L]

Next we will give an application of Theorem 2 which answers a Conjecture of M.
Artin [1].

Theorem 5. (Popescu [6], [8]) An excellent Henselian local ring has the property
of approximation.

Proof. Let (A, m) be an excellent Henselian local ring, h be a finite system of polyno-
mial equations in Z = (Zy,...,Zs) over A and Z a solution of h in the completion A

of A. By General Neron Desingularization the A-morphism v : B = A[Z]/(h) — A,
Z — Z factors through an A-algebra C' = (A[Y]/(f)), ¥ = (Y1,...,Yy), where
f=(f1,..., fr), » <N, are polynomials in Y over A and ¢ belongs to the ideal A;

generated by all r x r-minors of the Jacobian matrix (0f;/0Y;), let us say v = wgq,
w:C — A qg: B — C. Then j = w(Y) is a solution of f in A such that
9(9) = w(j) & mA. Choose § in A" such that § = § mod mA. Then f(§) = f(3§) =0
mod mA, 9(9) = g(9) # 0 mod mA. In particular, f(g) =0 mod m. By the Im-
plicit Function Theorem we get a solution y of f in A such that y =y mod m.

Then we get an A-morphism u : C' — A by Y — y. Clearly, z = uq(Z) is a solution
of h in A such that z =2 mod mA. H

Lemma 6. Let A be a ring and ay,as a weak reqular sequence of A, that is ay is
a non-zero dwisor of A and ay is a non-zero divisor of A/(ay). Let A" be a flat
A-algebra and set B = A[Xy, Xo]/(f), where [ = a1X1 + asXy. Then Hp/a is
the radical of (a1,a2) and any A-morphism B — A’ factors through a polynomial
A-algebra in one variable.

Proof. Note that all solutions of f = 0 in A are multiples of (—a9,a;). By [4,
Theorem 7.6]) any solution of f in A’ is a linear combinations of some solutions of
f in A and so again a multiple of (—as, ay).

Now let h: B — A’ be a map given by X; — x; € A’. Then (z1,x2) = 2(—ag, a;)
and so h factors through A[Z], that is h is the composite map B — A[Z] — A’, first
map being given by (X;, X3) — Z(—a2,a1) and the second one by Z — z. O
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LECTURE 3. ELKIK’S THEOREM.

DORIN POPESCU

In the idea of the last lemma from Lecture 2 we present the following proposition.

Proposition 1. Let f; = > " a;;X; € A[Xy,...,X,], i € [N] be a system of linear
homogeneous polynomials and ¢* = (qgk), e ,q,(f)), k € [p] be a complete system of
solutions of f = (f1,...,fn) =01in A. Let b= (by,...,by) € AN and ¢ a solution
of f=0bin A. Let A’ be a flat A-algebra and B = A[X1,..., X,]/(f —b). Then any

A-morphism B — A’ factors through a polynomial A-algebra in p variables.

Proof. Let h : B — A’ be amap given by X — x € A™. Since A’ is flat over A we see
that x —h(c) is a linear combinations of ¢'¥); that is there exist z = (z1,..., z,) € AP
such that z — h(c) = S°F_, zh(¢®). Therefore, h factors through A[Zy, ..., Z,],
that is h is the composite A-morphism B — A[Z;,...,Z,] — A’, where the first
map is given by X — ¢+ > 7_, Z:q™ and the second one by Z — z. 0

Theorem 2. (Elkik [1]) Let B be a finitely presented A-algebra and P a prime ideal
of B. Then Bp is essentially smooth over A if and only if P Hp/a.

Proof. Let B = A[Xy,...,X,]/I. Suppose that P A Hp/a andlet Q C A[Xq, ..., X,]
be the inverse image of P. Let f be a system of r polynomials from I such that
((f) : Ay ¢ P. Then Anngx,, . x,1/(f) ¢ @ and so f generates In. We may
suppose that det(0f;/0X;); 1. » & Q because Ay ¢ P. Then the composite map

.....

(Bp)" — (I/I*)p = > BpdX; =Y BpdX;
i=1 i=1
given by e; — fi — >0 (0fi/0X;)dX; — >77_(0fi/0X;)dX; is invertible because
det(0f;/0X;)ij=1,.» € Q, (e;) being the canonical basis of (Bp)". The first map is
surjective since f generates /o and it follows also injective from above. Therefore
Bp ®p d has a retraction and so Bp is quasi-smooth over A.

Conversely, we may suppose that Bp®pd; has a retraction. It follows that (I/1?)p
is projective and so free over the local ring Bp. Choose f to be a system of let us
say 7 polynomials from I inducing a basis in (I/I?)p. By Nakayama we see that f
generates Ig. Since (Bp)" — (I/I*)p — Y i, BpdX; has a retraction we see that

1 is a linear combinations of r X r-minors of (0f/0X). Thus we may assume that
M = det(0f;/0X;)ij=1,.r € @ and so Ay ¢ Q. Therefore, Hg/a ¢ P. O

.....

Remark 3. The above theorem says that V(Hp/4) is the non smooth locus of B
over A.

Corollary 4. B is smooth if and only if Hg/a = B.
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Proof. B is smooth over A if and only if B,, is essentially smooth over A for every
maximal ideal m of B. Using the above theorem we see that the last statement says
that there exists no maximal ideal of B containing Hp/4, that is Hg 4 = B. O

Corollary 5. Let s € B. Then B, is smooth over A if and only if s € Hp/a.

Proof. Note that B, is smooth over A if and only if (Hp/a)s = Hp,/a = B, by the
above corollary. Thus s € Hp/4. O

Corollary 6. Let g : B — C' be a morphism of finitely presented A-algebras. Then
Heya D g(Hp/a)C N Heyp, the structure of B-algebra of C' being given by g.

Proof. Indeed, let P € SpecC, P 5 g(Hp/a)C N Heyp. Then ¢g7'(P)  Hp/a and
P 2 Hegyp and so By-1(py is essentially smooth over A and Cp is essentially smooth
over B by Theorem 2. Thus Cp is essentially smooth over A, that is P/ Hcya
using again Theorem 2. U

Lemma 7. Let u : A — A’ be a morphism, B be a finitely presented A-algebra,
y€ B andv: B — A" an A-morphism such that v(y) € \/v(Hp/a)A" buty & Hp)a.
Then there exist a finite presentation A-algebra C' and two A-morphisms g : B — C),
w:C — A’ such that

(1) 9(y) € Heya,
(2) v = wy,
(3) g(Hpja) C Heyp and so g(Hpja) C Heya by Corollary 6.

Proof. Let * = (x1,...,%,) be a system of generators of Hps4. By hypothesis
we have v(y)® = > " v(z;)z for some s € N and some elements z; € A’. Set
C = Bl[Zy,...,Z,)/(y* — >, x:Z;) and let w : C' — A’ be given by Z — z. We

have x; € Heyp and so (3) holds. Moreover g(y)® = > "1, v(z;)Z; € Heyp, that is
(1) holds too. O

Lemma 8. Let u: A — A’ be a morphism, B be a finitely presented A-algebra and
v: B — A" an A-morphism such that v(Hg/a) = A’. Then v factors through a
smooth A-algebra C, that is v is a composite A-morphism B — C — A'.

For the proof apply the above lemma for y = 1.

Next we will see how goes the proof of General Neron Desingularization on dimen-
sion 1. Let u: A — A’ be a flat morphism of Noetherian local rings of dimension 1.
Suppose that A, A” D Q are domains and the maximal ideal m of A generates the
maximal ideal of A’. Then w is a regular morphism.

Lemma 9. Let B be a finite type A-algebra and v : B — A’ be an A-morphism.
Then v factors through a finite type A-algebra B’ such that there exists d € A, d # 0
strictly standard for B over A.

Proof. Clearly we may substitute B by Imwv. Suppose that B = A[X]/I, X =

(X1,...,X,). Since Q(B)/Q(A) is a separable field extension we get that Hp/a # 0

and so hp # 0 because (0) is a smooth point (the same thing follows applying

the Jacobian Criterion). If hg = A’ we may apply Lemma 8. We assume that

hg = mA" and so hg N A = m. Let P € (Af((f) : I)) \ I for some system of
2



polynomials f = (fi,..., f;) from I and choose d'" € (v(P)A’) N A. Moreover we
may choose P to be from M ((f): I) where M is a r X r-minor of (0f/0X) . Then
d = v(P)z for some z € A'. Set B' = B[Z]/(9), g =d — PZ and let v' : B" — A’
be the map of B-algebras given by Z — 2. It follows that d’ € (((g), f) : (I,g)) and
d €Ay, d €A, Thus d=d? # 0 is strictly standard for B’ over A. O
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LECTURE 4. GENERAL NERON DESINGULARIZATION IN
DIMENSION 1

DORIN POPESCU

The aim of this lecture is to prove General Neron Desingularization in dimension
1. Let u: A — A’ be a flat morphism of Noetherian local rings of dimension 1.
Suppose that A, A" D Q are domains and the maximal ideal m of A generates the
maximal ideal of A’. Then w is a regular morphism. Let B = A[Xy,...,X,]/]
be a finitely presented A-algebra and v : B — A’ an A-morphism. Using the last
lemma from Lecture 3 we may factor v through a finite type A-algebra B’ such that
there exists d € A, d # 0 strictly standard for B’ over A. Thus we may suppose
from the beginning that B has the property of B’ changing B by B’. Moreover we
may assume that there exists f = (fi,...,f,) in [, M = det(@fz/ﬁX )ijer and
Pe (M((f) : 1)) \ I such that d = P modulo I. Set A = A/(d?), A A’/d3A’
=A® u, B=B/d®B, 1 = A®4v. Clearly i is a regular morphism of Artinian
local rings.

Lemma 1. (Small Lifting Lemma) Then there exists a standard smooth A-algebra
D and an A-morphism w : D — A’ such that v factors through w = A ® 4 w.

Proof. By General Neron Desingularization in Artinian case, v factors through a

smooth A-algebra C, let us say v is the composite map B—C5 oA Moreover,
C = (AY)/)(9)ga Y = (N1,...,Y,), 3,G € A[Y], § = 0g/dY, and g is monic in
Y.

Let g,G € A[Y] be polynomials lifting g, G and suppose that g is monic in Y.
Choose y € A" inducmg B(Y) in A’. Then g(y) = d®z for some z € A’. Set D =
(AlY, Z)/(g—d*Z))yc, ¢ = Bg/DY, and let w : D — A’ be the map (Y, Z) — (y, 2).
We call D a lifting of C. Unfortunately, v does not factor through D. But © factors
through D and D = A ®, D = C[Z] is smooth over C and so over A. O

Remark 2. If A’ = A then A~ A’ and we may take D = A.

Let S=B®4 D = D[X]/ID[X] and a : S — A’ be given by b ® 2’ — v(b)w(2’).
Then v, w factor through «. We have the canonical mapsv: B — S5, b — b® 1 and
v:D — S, 2 = 1®2. Unfortunately, S is not smooth over A even it is smooth
over B. Since v factors through D there exists 7 : B — D such that ¥ = w7. Then
the map p: S =A®,5 — D given by b® 2 — 7(b)Z' is a retraction of D-algebras
and wp = @ := A®4 a. Let p be given by X — x + d*>D" for some € D". Thus
I(z) = 0 modulo d*D

Note that if A’ = A as in Remark 2 we have S = B and the retraction p is the

composite map S = B 5 A =2 A= D.
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We have d = P modulo I and so P(z) = d modulo d® in D because I(z) = 0
modulo d®*D. Thus P(x) = ds for a certain s € D with s = 1 modulo d. Assume
that P = NM for some N € (I : (f)). Let H be the n x n-matrix obtained adding
down to (0f/0X) as a border the block (0|Id,_,). Let G’ be the adjoint matrix of
H and G = NG'. We have

GH = HG = NMI1d,, = PId,

and so
dsld,, = P(x)ld,, = G(z)H (x).
Let o be given by X — y € A™. Set 2/ = w(z). We have y — 2’ € d®A"™, let us
say y — 1’ = d*e for e € dA™. Then t := H(x)e € dA™ satisfies

G(z)t = P(x)e = dse

and so

Let

h=s(X—2x)—dG(x)T,
where T = (17, ...,T,) are new variables. The kernel of the map ¢ : D[X,T] — A’
given by X — y, T — t contains h. Since

s(X — x) = dG(z)T modulo h

and

f(X) = fz) = Zﬁf/f?Xj(x)(Xj — ;)

modulo higher order terms in X; — x; by Taylor’s formula we see that for m =
max; deg f; we have

SHX) = o7 fla) = 36" 10X, (@G @) T + Q=

s dP(2)T + d*Q
modulo h where Q € T?D[T|". This is because (0f/0X)G = (PId,|0). We have
f(x) = d*c for some ¢ € dD". Then g; = s™c; + s™T; + Q;, i € [r] is in the kernel of
¢ because d*p(g) = d?g(t) € (h(y,t), f(y)) = (0). Set E = D[X,T|/(I,g,h) and let
A E — A’ be the map induced by ¢.

Note that the r x r-minor s’ of (0g/dT) given by the first r-variables T' is from
s"? +(T) C 1+ (d,T) because Q € (T)?. Then U = (D[X,T]/(h,g))ss is smooth
over D. We claim that I C (h,g9)D[X,T|sys for some other s” € 14 (d,T).
Indeed, we have PI C (h,g)D[X,T]s and so P(x + s 'dG(z)T)I C (h,g)D[X,T]s.
Since P(z + s 'dG(z)T) € P(x) + d(T) we get P(x + s 'dG(x)T) = ds” for some
s" € 1+ (d,T). It follows that s"I C (h,g)D[X,T]ss because d is regular in U,
the map A — U being flat, and so I C (h,g)D[X,T]sssr. Thus Esee = Ugr is a
B-algebra which is also standard smooth over A.

As w(s) =1 modulo d and w(s'),w(s”) = 1 modulo (d,t), d,t € mA’ we see that
w(s),w(s"),w(s"”) are invertible because A’ is local and so A (thus v) factors through

the standard smooth A-algebra Fy .
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Remark 3. We believe that the above proof provides a possible algorithm to find
the smooth A-algebra F,, .

Remark 4. Assume that A, A" are Noetherian local rings of dimension one but not
domains. Then how I can get above g(t) = 0 from d?g(t) = 07 In this case I should
replace d by a high power e of it such that Anny d = Anny d? and to arrange ¢ such
that ¢g(t) € (d) because then Anngd N (d) = 0. For the first condition we take e
such that the chain Anngd C Anngd®> C ... C Annyd™ C ... stops for n = e by
Noetherianity. Could we find an algorithm to compute e?

Remark 5. Suppose that A, A" are domains of dimension 2. Then we might con-
struct D as above with hp ¢ ¢ for a minimal prime ideal ¢ containing hg. But
we should also ask to have hg C hp because otherwise D could mean no progress
compare with B. In dimension one we did not need the condition hg C hp but now
this is essential.
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EXTRA LECTURE 1. A VIEW ON THE PROOF OF THE
GENERAL NERON DESINGULARIZATION

DORIN POPESCU

This lecture uses mainly pages 147, 168, 169, 171 from [5] and 347-354 of [4].

The standard elements play an important role in the proof of General Neron
Desingularization. Let u : A — A’ be a regular morphism of Noetherian rings
containing Q, B a finite type A-algebra and v : B — A’ a morphism of A-algebras.
We need to reduce whenever it is necessary to the case when all elements of Hp/4
are standard. This is done by the following theorem.

Theorem 1. (Elkik [1]) Let B = A[X, ..., X,]/I be a finitely presented A-algebra,
M = I/I* and C = Sy(M) be the symmetric A-algebra defined by M. Then
Hp/aC C Heya and any element of Hg/a becomes standard in C' over A.

We will not give here the proof, but an easy one is presented on pages 147, 148
of [5].

Corollary 2. Letu : A — A’ be a morphism and B be a finitely presented A-algebra.
Then there exist a finitely presented A-algebra C' and two A-morphisms g : B — C,
w:C — A’ such that

(1) v =wy,
(2) g(Hpja) C Heya,
(3) for every b € Hp/a the element g(b) is standard for C' over A.

Proof. Let C = S4(I/I?) be as in the above theorem, g the canonical inclusion and
h : C — B the canonical retraction of g sending I/I? in 0. Then (2), (3) hold by
the above theorem and w = vh satisfies (1). O

Set hg = \/v(Hp/a)A’. We may suppose that hp # A’. Let ¢ be a minimal prime
over ideal of hp. After [5] we say that A — B — A’ D ¢ is resolvable if there exists a
finite type A-algebra C' such that v factors through C', let us say v = wg, g: B — C,
w:C — A" and hp C he = \Jw(Heja)A" ¢ q. The proof of the General Neron
Desingularization follows from the next proposition.

Proposition 3. Suppose that A D Q, p = u~'q is a minimal over ideal of u=*(hp),
the map A — A is flat and A'q/pA;, is a regular ring. Then A — B — A" D q is
resolvable.

Assume that p is a minimal prime over ideal of u=!(hg) and let ¢i, ..., q. be the
minimal prime over ideals of h;. Then p contains the product of u=1(g;), i € [e]
and so it contains one of them, let us say u='(q) for ¢ = ¢;. The proof of the

General Neron Desingularization follows applying the above proposition, which is
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possible because u is regular. Indeed, then A — B — A’ D ¢ is resolvable and so
hg C he ¢ q. It follows that hg C he. Applying several times this procedure by
Noetherian induction we arrive to the case when hg = A’.

Remark 4. Note that if ¢ is minimal in A’ in the assumption of Proposition 3 then
Ap = Apy®a B — A D qAj is resolvable by the General Neron Desingularization on
Artinian rings. In particular, v, : B, = A, ®4 B — A;, factors through a finite type
Ap-algebra D such that hp A, = A;. We may suppose that D is standard smooth.

Proposition 5. Proposition 3 holds if q is minimal in A’.

Proof. By Remark 4 v, : B, = A, ®4 B — A] factors through a standard smooth
Ap-algebra D, let us say v, = wpg, for some g, : B, = D, w, : D — A;. We
claim that we may choose D such that there exists a finite type B-algebra C' with
A, ®4 C = D and such that v factors through C, let us say v = wg, w: C — A', g
being the canonical algebra structure morphism B — C.

Indeed, let D = B,[Z1,...,Zs|/(h), h = (h1,...,h.), w, being given by Z — y/t
for some y € A, t € A"\ q. For large | € N we get some homogeneous polynomials
W(Y,T) =T'h(Y/T),Y = (Y1,...,Y,) such that 2}(y,t) = 0in A]. This means that
rhi(y,t) = 0 for some t € A"\ ¢. Changing y with ry and ¢t with rt we may suppose
that hl(y,t) = 0in A". Let C = B[Y,T]/(h') and w : C — A’ be the extension of
vby Y =y, T — t. Note that the B,-morphism D[T,T~!] — (B, ®p C)r given
by Z — Y/T, T — T is an isomorphism and changing D by D[T,T~!] our claim is
proved. It follows that w(Hec/a) € g, let us say w(a) € q for some av € Heya.

Remains to change C' if necessary in order to have also hg C he. Let by, ..., b,
be a system of generators of Hp,4. If Min A’ = {q} then hp = ¢ = 1/(0) and there
exists nothing to change because clearly hp C he. Otherwise there exists v € A’ \ ¢
such that yv(b;)* =0, j € [v] for some k € N. Set

C" = BIY, T, (Uy)sep, (Vi)jewpieter T/ (B + 3 UiVig)ici, (DUj)jet),
j€lv]
where Uj, V;;,I" are new variables. Note that v can be extended to w' : ¢ — A’
givenby Y =y, T — t, U; = bF, V;; = 0, T — v and Cp = C[(V; )U,F,I‘_l]
is a localization of a polynomlal C’ algebra. Thus I'a € Herja. On the other
hand, Cy;, = B[Y, T, (Uj)jep, Ur ', (Vij)1<j<viele] is alocalization of a polynomial B-
algebra. Thus U; € Heryp and so v(by)* € w'(Heryp). It follows that v(by) € her and
similarly v(b;) € hev for all j € [v]. Thus hg C her. Also note that yw(a) € her \ q.
0

Proposition 3 follows from the next lemma.
Lemma 6. (Main Lemma [4, Lemma 6.7]) Let a € A, A = A/a®A, B = B/a®*B,
A=A JaBA" and G = q/a®A’. Suppose that
1)adgp for all p € Min A,
2) Anny(a®) = Anna(a), Anna(u(a)?) = Anna(u(a)),
)
)

a 1is strictly standard for a certain presentation of B over A,
A — B — A" D q is resolvable.

(
(
(3
(4

2



Then A — B — A’ D q is resolvable too.

Proof of Proposition 3. Apply induction on height of ¢. If height ¢ = 0 then
apply Proposition 5. Assume that height ¢ > 0. If height p > 0 then choose a in
u~!(hp) which lies in no minimal prime ideal of A. We have height p/(a) < height p,
and so height ¢/u(a)A’ < height ¢ because

height ¢ — height p = dim A /pA], = height ¢/u(a)A" — height p/(a)

by flatness of A, — A (see [2, 15.1]). The chain Anny(a) C ... C Anny(a’) C
stops by Noetherianity. Thus changing a by one of its powers we may suppose
that Anny(a®) = Anny(a), Anng (u(a)?) = Anng (u(a)). By Corollary 2 we may
change B by another one finite type A-algebra and a by one of its power such that
a is strictly standard for a certain presentation. Set A = A/a®A, B = B/a®B,
A= A'JaBA" and ¢ = q/aBA’. Then A — B — A’ D q is resolvable by induction
hypothesis since height ¢ < height ¢ and it is enough to apply Main Lemma.

Now assume that height p = 0. We show that we may reduce to the case when
height p > 0. Then A/pA; is a regular local ring of dimension > 1 and we may
choose = in hp inducing an element from the regular system of parameters of A; /pA;.
Then the map A[X]p, X) — A, X — z is flat by the Local Flatness Criterion
see [2]) since the map k(p)[X]|X) — A]/pA, is flat by [2, Theorem 23.1]. By
construction, A;/(p, z)A; is still a regular local ring. Clearly, it is enough to show
that A[X]| — B[X] — A’ D ¢ is resolvable. But now we have height p > 0, that is
the above case.

Main Lemma is a consequence of the following two lemmas.

Lemma 7. (Lifting Lemma [4, Lemma 7.1]) Let u : A — A" be a morphism of
Noetherian rings, d € A, A == A/(d?), A" :== A'JdPA', A = A/(d), A" .= A'/dA’,
C' a finite type A-algebra and B : C — A’ a morphism of A-algebras. Suppose that
Anny(d?) = Anny(d), Anny (u(d)?) = Anng (u(d)). Then there exist a finite type
A-algebra D and a morphism w : D — A" of A-algebras such that

(1) A®; B factors through A ® 4 w,
(2) 7 Y(he) C hp, T being the surjection A" — A" and he = \/B(Hg) 1) A’

Lemma 8. (Desingularization Lemma [4, Lemma 7.2]) Let u : A — A’ be a mor-
phism of Noetherian rings, B a finite type A-algebra and v : B — A’ a morphism
of A-algebras, d € A, A = A/(dY), A := A'/d*A’, B := B/d*B. Suppose that d is
strictly standard for a certain presentation of B over A and Anny(d?) = Annu(d),
Ann g (u(d)?) = Anng (u(d)). Let D be a finite type A-algebra and w: D — A’ an
A-morphism such that AQ 4 v factors through A® s w. Then there exist a finite type
A-algebra E and an A-morphism v : E — A’ such that

(1) v,w factor through -,

(2) HD/AE C HE/A; so hp C hg.

Indeed, let a € A, A’, B be as in Main Lemma and set d = a*. Since
A:=A/(d*) = B:=B/d*B - A .= A /d*A' > §:= q/d*A’
3



is resolvable there exist a finite type A-algebra C' and a morphism 3 : C — A’ of
fl—algebras such that hz C he ¢ @ and v factors through 3. We need a lifting D of
C with 77! (hg) C hp. We cannot find this D with A® 4 D = C or at least such that
B factors through A ®4 D. By Lifting Lemma there exist a finite type A-algebra
D and an A-morphism w : D — A’ such that A ® 5 3 factors through A ®4 w and
and 7 (hg) C hp. Unfortunately, it is not clear that v factors through this D. So
we try to find an A-algebra E such that v, w factor through E and hp C hg By
Desingularization Lemma applied for d = a there exist a finite type A-algebra E
and an A-morphism ~ : E — A’ such that v, w factor through v and hp C hg. By
base change HB/AB C Hp,4 and we get hgA' C hg C he and so hp D hg. We have
also hp ¢ q because ha ¢ . Thus hg C hg ¢ ¢, which is enough.

Remark 9. We believe that the above proof of the Main Lemma provides an al-
gorithm to construct a finite type A-algebra E such that v factors through E and
hg C hg ¢ q. This is because D and E from the Lifting Lemma and the Desingu-
larization Lemma could be really constructed. The proofs of these lemmas could be
read in [4] and here we give only the constructions of D, E.

Construction of D
Choose (P;);cpy strictly standard elements of C' over A such that Hg, (P)iem),

A

let us say P; € Ajio ((f9) : I) for some presentation C' = A[X]/I, X = (X, Xy),
where f() is a finite subsystem of I. Let fi,..., f, be polynomials in A[X ] such that
fi=f; + PA[X], 1 <j < sgenerate [ and {fy,..., f,} contains all elements from
f@. Set I = (d?, f1,...,f,) and let B be given by X — T = x + d*A4’ for some
x € A™. Then f(x) = dz for some z € A", Set g;(X,Z) = fj —dZ;, 1...5...5,
Z=(Zy,...,Zs) and g = (g;).

To every P, we associate a system of polynomials F( in A[X, Z] in the following
way: Let P; be a lifting of P; to A[X]. Since Bl C (d?, fi,..., f,) for a certain r < s
in a certain ordering of (f;) depending on 4, it follows that

Bify =Y Hfi+d*GY,

=1

for some polynomials H'? G from A[X], r <j <s. Set

gt o

FY =Pz~ ZH(”Z dG r < j <5, FO = (FY), ey

and D = A[X, Z]/(g, F®Y, ..., F®). Then D together with w: D — A’ (X,Z) —
(x, z) works.

Construction of F

Let B = AX]/I, X = (Xy,...,X,), S=B®s D = D[X]|/] and a : S — A
given by b ® z — v(b)w(z). Clearly, d is strictly standard also for S over D. Set
A= A/d4A By the previous construction w = A® 4w and so v = A®4 v factors

through D = A ®4 D, let us say & = w7 for some 7 : B — D. Then the map
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= A®,4 S — D given by b® 2 — 7(b)Z is a retraction of D-algebras and
p=da=A®4a. Let p be given by X — x + d*D" for some = € D".
Since d is strictly standard there exists a finite system of polynomials f = (f;)1<i<r
in I such that d = P modulo I for a certain P € A((f) : I) (in D[X]). We have
I(z) = 0 modulo d* and so P(z) = d modulo d* in D. Thus P(x) = ds for a certain
s € D with s = 1 modulo d.

Let P =) N,M,, where M, are the r x r-minors of (0f/0X). If M is given
by the first columns we have M; = det H;, where H; is obtained adding down to
(0f/0X) as a border the block (0|Id,,—,). Similarly define the n square matrices H,
such that det H, = M,. Clearly the first r rows of all H, coincide. Let G’ be the
adjoint matrix of H, and G, = N,G!,. We have

Z G, H, = Z N, M,1d, = PId,

R
@

|| CQz

and so
dsld, = P(z)Id, = Y G, (z)H,(z).

Let a be given by X — y € A™. Set 2/ = w(z). We have y — 2/ € d*A™, let us say
y — 2’ = d¢ for e € dA™. Then t") := H,(z)e satisfies

ZG 1t = P(z)e = dse

and so

— 1) = = (> Z G ( t(")
t(V)

As the first r rows of H,, coincide we see that %) = (uy, ..., u,, RSP
u; are independent of v. Let

h=s(X—z)—dW—d"> G,(x)T",

g )) where

where W = (Wy,...,W,) and T®) = (U, ..., UT,TT(WVL)I, . .,T,SLV)) are new variables
and T = (T'™). The kernel of the map ¢ : D[X,T,W] — A’ given by X — y,
T® — t) W — 0 contains h. Since

s(X —x) = d*W + d? Z G, (2)T™) modulo h

and

f(X) = f(z) = Zaf/an(@“)(Xj — ;)

modulo higher order terms in X; — x; by Taylor’s formula we see that for m =
max; deg f; we have

sSTF(X) — s f(z) = Z SO JOX; (2)[dPW; + d Z G, (2) T + d')
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modulo h where Q" € DIW,T]". Set Q = dQ' + 3, s™'0f/0X;(x)W;. We have
f(z) = d3c for some ¢ € dD". Tt is not hard to see that g = s™c + s™U + @ is in
the kernel of ¢. Set E = D[X,W,V]/(1,g,h) and let v be the map induced by ¢.
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EXTRA LUMINY 2. APPROXIMATION IN NESTED SUBRINGS
AND STRONG ARTIN APPROXIMATION

DORIN POPESCU

Lemma 3 below was done by Guillaume in the case when some solutions are in
Alz] and not in Afz]". Tt is easier to understand and I think you should follow his
proof.

Let (A,m,k) be a local ring. An essentially etale local A-algebra B is an etale
neighborhood of A if B ®4 k = k.

Theorem 1. ([7]) A local A-algebra B is an etale neighborhood of A if and only if
B = (A[T]/(g))(mT g being a monic polynomial in T over A such that g(0) € m,
dg/0T(0) & m

Theorem 2. ([7]) The filtered colimit of all etale neighborhood of A is a flat local A-
algebra A" with the property that for every Henselian local A-algebra C' there exists
an unique local A-morphism A" — B. If A is Noetherian then A" is too.

The ring A" defined above is the Henselization of A.
Lemma 3. Let A be the completion of A, Alz]', x = (x1,...,2,), Alz]" be the
Henselizations of A[x]mq) respectively fl[x](m’m), f="(f1, -, fr) a system of poly-
nomials in' Y = (Y1,...,Yy) over Alz]" and 1 < t < N and ¢ be some positive
integers. Suppose that A has the property of approzimation and f has a solution
U= (91,...,9n) in A[ |" such that §; € A for alli <t. Then there exists a solution
y = (y1,...,yn) of f in Alz]" such thaty; € A for alli <t andy =§ mod mcAlz]".
Proof. Take an etale neighborhood B of A[z] (m,z) Such that g; € Bforallt <i < N.
Then B = (Afz,T]/ (9))(m.z,m) for some monic polynomial g in T over Alz] with
§(0) € (m,x) and 9g/0T(0) & (m,z), let ussay g = T+ 7~ (ZkeNn ki <u Ziw2°) T,
for some wu high enough and Z;, € A. Note that Zoo € mA and Z10 & mA.
We suppose that ; = Z (ZkeN" bl<u Gire®)T? mod ¢ for some @i € A,
t < i < N. Actually, we should take y; as a fraction but for an easier expres-
sion we will skip the denominator. Substitute Y, = Zj;é(ZkerkKu Yijnat)T?
in f and divide by the monic polynomial G = T° + Z;;é(ZkeN”kKu Zix®)T7 in
Alz, T\)Y1, ..., Yy, (Yy), (Z;)], where (Yij), (Z;x) are new variables.

We get

fp(}/la" }/;7Y+ Z Z ijk(}/l;7}/;7<Kjk);(zjk))kaj mod G7
Jj=0 keN",|k|<u
1 <p < r. Then gy is a solution of f in B if and only if 91, ..., 9, (9ijx), (Zjx)) is

a solution of (Fjj;) in A. As A has the property of approximation we may choose
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a solution (y1, ..., % (i), (zx)) of (F) in A which coincide modulo m¢A with
the former one. Then y; = Z;;é(EkeNn"k|<u(yijk))kaj, t < i together with y;,
i <t form a solution of f in the etale neighborhood B’ = (A[z,T]/(9))m=1), 9 =
TC + Z:;é<zkeNn,\k\<u 2j™)T7 of Alx](m,z), which is contained in Afz]". Clearly, y
is the wanted solution. UJ

The following theorem generalizes the above lemma in the same idea. The proof
does not go by recurrence using the above lemma (see [6, Proposition 3.5] for a
proof).

Proposition 4. In the setting of the above lemma, let 0 < s; < ... < sy < n and
¢ be some non-negative integers. Suppose that A has the property of approximation
and f has a solution § = ({1,...,4n) in Alx]" such that §; € Alx, ..., x,,)" for all
1 < i < N. Then there exist a solution y = (y1,...,yn) of f in Alx]" such that
y; € Ay, ..., xg )" forall1 <i< N andy =14 mod mcA[z]".

The idea of the following theorem as well as of the above proposition we got in
1977 from H. Kurke and G. Pfister.

Theorem 5. (Popescu [5], [6, Theorem 3.6]) Let (A,m) be an excellent Henselian

local Ting, A be the completion of A, Alx|", x = (x1,...,1,), be the Henselization
of Alx)imaey, f = (fi,..., fr) be a system of polynomials in' Y = (Y1,...,Yn) over
Alz]" and 0 < 51 < ... < sy < n, ¢ be some non-negative integers. Suppose that

f has a solution § = (41, ...,9n) in Al[z]] such that §; € Al[xy,. .., x,,]] for all
1 <i < N. Then there exists a solution y = (y1,...,yn) of f in Alz]" such that
yi € Alwy, ..., x,,]" for all1 <i< N andy =14 mod (m,z)°Alx]].

Proof. We will study the particular case when s; = 0 for 1 < ¢ <t and s; = n
for t < i < n for some 1 <t < N, that is the case of Lemma 3. Then A[z]" is
execellent Henselian and so it has the property of Artin approximation. Thus the

polynomial equations f (91, ..., ¥, Yie1,- .., Yy ) from A[Ytﬂ, ..., Yy] have a solution
(Ges1s - - - Un) in A[z]" such that ; = §; mod (m,z)°A[[z]]. By Lemma 3 we find
for the solution (1, ..., Us, Ger1, - - -, yn) of f in A[z]" a solution y of f in A[x]" such

that y; € A for 1 <4 < ¢ which coincide with the previous one modulo m¢A[z]".
The general case goes by recurrence using the above proposition instead Lemma 3.
OJ

Corollary 6. Let K be a field, A=K <x >, = (x1,...,2,), f=(f1,---, fr) be
a system of polynomials in'Y = (Y1,...,Yn) over A and 0 < s1 < ... < sy < n,
¢ be some non-negative integers. Suppose that f has a solution § = (1,...,Yn) in
K{[z]] such that §; € K|[[z1,...,xs]] for all1 <i < N. Then there ezists a solution
y=(Y1,...,yn) of fin K <x> suchthaty; € K <xy,...,x5, > foralll <i <N
andy =9§ mod (m,x) K[[z]].

The above corollary answers positively a question of M. Artin (see [1]). An at-

tempt to prove it was done in [3].
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Corollary 7. The Weierstrass Preparation Theorem holds for the algebraic power
series over a field.

Proof. Let f € K < x >, x = (x1,...,%,) be an algebraic power series such that
f(0,...,0,2,) # 0. By Weierstrass Preparation Theorem f is associated in divisi-
bility with a monic polynomial § = z + 3" 22 € K[[x1, ..., 2n_1]][2,] for some
zZi € (xy,...,xp_1)K][x1,...,24-1]]. Thus the system F} = f — Y (a¥ + Z;:ol Zixh),
Fy, = YU — 1 has a solution ¢, 4, Z; in K[[z]|] such that 2; € K[[x1,...,2,1]]. By
Corollary 6 there exists a solution y, u, z; in K < x > such that

z; € K <x,...,x,_1 > which is congruent modulo (x) with the previous one. Thus
y is invertible and f = yg, where g = 2% + 3" 22t € K < 21,..., %01 > [2n).
By unicity of the (formal) Weierstrass Preparation Theorem we get in fact u = a,
y=1, z =2 and so g = g. 0

The idea to apply ultrapower methods to the strong Artin approximation comes
from [2] (see also [4]). We start with some preparations. Let D be a filter on N,
that is a family of subsets of N satisfying

1) 0 & D,

2)if s,t € D then sNt € D,

3)ifse D, sCtCNthenteD.

An wltrafilter is a maximal filter in the set of filters on N with respect to the
inclusion. A filter D on N is an ultrafilter if and only if N\s € D for all s C N
which is not in D. An ultrafilter is nonprincipal if it contains the filter of all cofinite
subsets of N.

The ultrapower A* of a ring A with respect to a nonpricipal ultrafilter D is the
quotient of AN by the ideal Ip of all (z,,),en) such that the set {n € N : x, = 0} €
D. Denote by [(z,,)] the class modulo Ip of all (z,) € AN. Assigning to a € A the
constant sequence [(a,a, ...)] we get a ring morphism ¢4 : A — A*.

Lemma 8. Suppose that (A, m) is a Noetherian local ring. The following statements
hold:

(1) If A is a field then A* is a field and the field extension A*/A is separable,

(2) A* is a local ring with ¢(m)A* its mazimal ideal,

(3) If A is Henselian then A* is Henselian too,

(4) A* is not Noetherian if A is not Artinian,

(5) The separation A1 = A*/My, Mo = Njenp(m?)A* of A* in the m-adic
topology 1s a complete Noetherian local ring,

(6) ¢ and the composite map u: A 5 A* — Ay are flat,

(7) If A is excellent then u is regular.

The proof of this lemma is given on pages 328-331 of [6]. Next proposition shows
the connection of ultraproducts with the strong Artin approximation.
Proposition 9. The following statements are equivalent:

(1) A has strong Artin Approzimation,
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(2) For every finite system of polynomial equations f over A, for every positive
integer ¢ and for every solution solution § of f in A* modulo my, there exists
a solution y of f in A* such that y = § modulo mcA*.

Proof. (i) = (i1). Let f, § = [(yn)] be like in (i7) and v : N — N the Artin
function associated to f. In particular we have f(§) = 0 mod m”(©A*. Thus the
set s = {n € N : f(§,) = 0 mod m”®© € D}. Then for every n € s there exists
a solution y, of f in A such that y, = ¢, mod m°. Set y, = 0 for n € s. Then
y = [(y»)] is a solution of f in A* such that y = § mod m°A*.

(1) = (i). Assume that there exists a finite system of polynomials f in some
variables Y over A which has no Artin function; that is there exists a positive
integer ¢ such that

(x) For every n € N there exists g, in A such that f(g,) = 0 mod m™ but there
exists no solution y,, of f in A such that y/, = g, mod m°.

Then § = [(9,)] is a solution of f in A* mod m"A* for all r € N. Thus f(g) =0
mod m.. By (ii) there exists a solution y of f in A* such that y = § modulo m°A*.
Then the set s = {n € N : f(yn) = 0,yn, = ¥yn» mod} € D is nonempty. Note that
y, for some n € s contradicts (x). O

Theorem 10. (Popescu [5], [6]) An excellent Henselian local ring has the property
of strong approrimation.

Proof. Let (A, m) be an excellent Henselian local ring, D be a nonprincipal ultrafilter
on N, A* the ultrafilter of A with respect to D, and v : A — A; the regular
morphism defined in Lemma 8 (7). By Proposition 9 it is enough to show that given
a system of polynomial equations h in Z = (Z1,...,Zs) over A, a positive integer
c and Z a solution of h in A* modulo m?_ there exists a solution z of A in A* such
that 2z = Z mod m°A*. By General Neron Desingularization applied to 14 the
A-morphism v : B = A[Z]/(h) — A1, Z — Z mod m} factors through a smooth
A-algebra of type C' = (A]Y]/(f))s Y = (Y1,...,Yn), where f = (f1,..., fr), 7 <N,
are polynomials in ¥ over A and ¢ belongs to the ideal Af generated by all r x r-
minors of the Jacobian matrix (0f;/9Y;), let us say v = wq, w : C — Ay, q: B = C.

~

Then g = w(Y) is a solution of f in A; such that g(y) = w(g) &€ mA;. Let g be a
lifting of § to A*. In particular, f(§) =0 mod m°A* = ¢?(7)m°A*. But A* is a
Henselian local ring by Lemma 8 (3) and so by the Implicit Function Theorem we
get a solution y of f in A* such that y =y mod m°A* = g(y)m°A*. Then we get
an A-morphism u : C — A* by Y — y. Clearly, z = ug(Z) is a solution of h in A*
such that z =2 mod m°A*. U
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ARTIN APPROXIMATION, VERSAL DEFORMATIONS AND
MAXIMAL COHEN-MACAULAY MODULES

DORIN POPESCU

In November 1980 I visited MIT, where Prof. M. Artin showed me the following
theorem.

Theorem 1. (Ploski [5]) Let C{z}, = (x1,...,2), f = (f1,...,fs) be some
convergent power series from C{z,Y}, Y = (Y1,...,Yy) and § € Clz]]N with
7(0) = 0 be a solution of f = 0. Then the map v : B = C{z,Y}/(f) — Cl[z]] given
by Y — y factors through an A-algebra of type B' = C{x,Z} for some variables
Z =(Zy,...,Zy), that is v is a composite map B — B — Cl[x]].

This result showed me that it is possible to get a kind of Neron Desingularization
in dimension > 1, and gave me power to prove later the following theorem.

Theorem 2. (General Neron Desingularization, Popescu [6], [7], Swan [12], Spi-
vakovski [11]) Let uw : A — A’ be a regular morphism of Noetherian rings and B a
finite type A-algebra. Then any A-morphism v : B — A’ factors through a smooth
A-algebra C, that is v is a composite A-morphism B — C — A'.

H. Hauser asks me if this theorem does not imply somehow Ploski’s result at
least in the case when f are polynomials in Y. My positive answer is the following
theorem.

Theorem 3. Let (A,m) be an excellent Henselian local ring, A its completion, B
a finite type A-algebra and v : B — A an A-morphism. Then v factors through an
A-algebra of type A < Z >= A[Z]" for some variables Z = (Zy,...,7Z,), that is
A < Z > is the Henselization of A[Z]m,z)-

Proof. By Theorem 2 we see that v factors through a smooth A-algebra B’, let us say

v is the composite map B — B’ v A Using the local structure of smooth algebras

given by Grothendieck we may assume that a B; 1 (mA) is a localization of a smooth

A-algebra of type (A[Z,T]/(g))gn, where Z = (Zy,...,Zs), ¢ = 0g/0T. Choose h
such that v’ factors through C' = (A[Z,T]/(g))gn let us say v’ is the composite map
B —C% A

Suppose that w is given by (Z,T) — (2,1) € A. We claim that we may reduce
to the case when 2(0) = 0, £(0) = 0. Indeed, choose z, € AV, t, € A, such that
(20,t0) = (2,1) modulo mA and set 2’ = 2 — 2y € mA, # = { —t, € mA. Changing
(Z,T) by (20 + Z',t, +T"), 2" = (Z,,...,2Z}) in C and correspondingly (2,%) by
(20 + 2, to+1) in A we get our claim fulfilled.

Clearly w extends to a map w' : ' = (A < Z > [T]/(9))gn — A and we have

C'"=2 A < Z > since ' is an etale neighborhood of A < Z >. O
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The following theorem was conjectured by M. Artin in [2] and it is a consequence
of Theorem 2.

Theorem 4. (Popescu [6], [9]) An excellent Henselian local ring has the property
of Artin approximation.

This theorem follows easily from Theorem 2 using the Implicit Function Theo-
rem. But it is much easier to apply Theorem 3. Indeed, let (A, m) be an excellent
Henselian local ring, f = (f1, ..., f,) some polynomials from A[Y], Y = (Y7,...,Yy)
and ¢ € AN a solution of f = 0. We will show that f has a solution in A. Set
B = AY]/(f) and v : B — A the map given by Y — ¢. By Theorem 3 v fac-
tors through A < Z > for some Z = (Zy,...,Z;), that is v is the composite map

B4 A< Z>— A Sety=g(Y +(f)). Then y(0) is a solution of f in A.

Theorem 5. (Popescu [8]) Let (A, m) be a Noetherian local ring with the completion

map A — A reqular. Then for every finite type A-algebra B there exists a function
A N — N such that for every positive integer ¢ and every morphism v : B —
A/mMN there exists a smooth A-algebra C and two A-algebra morphismst : B — C,

w: C — A/m® such that wt is the composite map B — A/mN9 — A/m°.

Remark 6. Can be A computed? The proof from [8] it is not constructive. Perhaps
A can be related with the Artin function associated to f, which is defined by B =
A[Y]/(f). More precisely, A could be related with the Artin function of f with

respect to A, or A< Z >, Z = (Z1,...,Zs). I do not know to choose this s.

Let (A, m) be an excellent Henselian local ring, A its completion and MCM(A)
(resp. MCM(A)) the set of isomorphism classes of maximal Cohen Macaulay mod-
ules over A (resp. A). Assume that A is an isolated singularity. Then a maxi-
mal Cohen-Macaulay module is free on the punctured spectrum. Since A is also

an isolated singularity we see that the map ¢ :MCM(A) —MCM(A) given by
M — A®y4 M is surjective by a theorem of Elkik [3, Theorem 3].

Theorem 7. (Popescu-Roczen, [10]) ¢ is bijective.

Corollary 8. In the hypothesis of the above theorem if M € MCM(A) is indecom-
posable then A ® 4 M s indecomposable too.

Proof. Assume that A® 4 M = N;@®N,. Then N; € MCM(A) and by surjectivity of ¢
we get N; = A®4N; for some N; € MCM(A). Then AQ s M = (ARQ4N1)B(A®R4Ns)
and the injectivity of ¢ gives M = N; & Ns. O]

Remark 9. If A is not Henselian then the above corollary is false. For example
let A = C[X,Y]xv)/(Y?—X2?—-X3). Then M = (X,Y)A is indecomposable
in MCM(A) but A ®4 M is decomposable. Indeed, for &« = v/I+ X € A we have
A@a M= (Y —uX)Ad (Y —aX)A.

Remark 10. Let T'(A), T'(A) be the so called the AR-quivers of A, A. Then ¢

induces also an inclusion I'(A) C I'(A) (see [10]).
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Remark 11. It is known that MCM(A) is finite if and only if A is a simple singular-
ity. What about a complex unimodal singularity R? Certainly in this case MCM(R)
is infinite but may be it has a special property, which characterizes the unimodal
singularities. For this purpose it would be necessary to describe somehow MCM(R)

at least in some special cases. Small attempts are done by Andreas Steenpass in his
PhD thesis.

Next, we see how to get algebraic versal deformations using a special form of
Artin approximation. Let D = K < Z > A=K <T > /J, Z = (Zy,...,Zs),
T=(T,...,T,) and N = D/(f1,..., fa). A deformation of N over Aisa P = K <
T,Z > /(J) = (A®k D)"module L such that

1) Los K= N,

2) L is flat over A,
where above B" denotes the Henselization of a local ring B. The condition 1) says
that L has the form P/(Fy,..., F;) with F; € K <T,7Z >, F; = f; modulo (T') and
2) says that

2') Tori (L, K) =0
by the Local Flatness Criterion since L is (T)-adically ideal separated because P is
local Noetherian. Let P¢ % P? — P — L — 0 be part of a free resolution of L over
P, where the map P¢ — P is given by (F,..., Fy). Then 2) says that tensorizing
with K ® 4 — the above sequence we get an exact sequence D¢ — D — D — N — 0
because P is flat over A. Therefore, 2') is equivalent with

2") For all g € D? with 327, g;f = 0 there exists G € K < T, Z >% with G = g
modulo (7T") such that G modulo J € Imv, that is Zle GiF; € (J).

We would like to construct a versal deformation L (see [4, pages 157-159]), that
is forany A/ = K <U > /J, U= (Uy,...,Uy), P = (A @, D)" and L' =
P'/(F'") a deformation of N to A’ there exists a morphism « : A — A’ such that
P' ' ®p L = L', where the structural map of P’ over P is given by a. If we replace
above the algebraic power series with formal power series then this problem is solved
by Schlessinger in the infinitesimal case followed by some theorems of Elkik and M.
Artin. Set A = K[[T]]/(J), P = (A®x D)" . We will assume that we have already
L such that L = P ®p L is versal in the frame of complete local rings. How to get
the versal property for L in the frame of algebraic power series?

Let A, P', L be as above. Since L is versal in the frame of complete local rings
there exists & : A — A’ such that P’ @ L = L' = P' @pr L', where the structure of
P’ as a P-algebra is given by &. Assume that & is given by T — ¢ € (U)K[[U]]™
Then we have

i) J(t) = 0 modulo (J').

On the other hand we may suppose that & induces an isomorphism P p L— 1L
which is given by (T, Z) — (t,2) for some 2 € (U, Z)K[[U, Z]]* with 2 = Z modulo
(U, Z)? and the ideals (F(t,2)), (F') of K[[U, Z]] coincide. Thus there exists an
invertible d x d-matrix C' = (Cj;) over K[[U, Z]] with

i) F) = Y0, CiiFy(t, 2)).

3



In this moment we would like to apply a special form of Artin approximation
namely the so called Artin approximation with nested subring condition.

Theorem 12. (Popescu [6], [9]) Let K be a field, A=K <z >, x=(x1,...,%,),
f=,. . fHeK<z,Y > Y=(Y,....Yy) and0<s<n, 1<t<N,c
be some non-negative integers. Suppose that f has a solution § = (U1,...,Yn) in
K|[[z]] such that y; € K[[x1,..., x| for all 1 < i <t. Then there ezists a solution
y=(y1,...,yn) of fin K <x > such thaty; € K < x1,...,x5 > forall1 <i<t
andy =1y mod (x)°K[[x]].

By the above theorem we may find t € (U)K < U >"and z € (U, Z2)K < U, Z >°,
Cij € K < U, Z > satisfying 1), ii) and such that t = ¢, 2z = 2, C;; = C’ij modulo
(U, Z)?. Note that det(C;;) = det C modulo (U, Z)? and so (Cj;) is invertible. Tt
follows that o : A — A’ given by T — t is the wanted one, that is P’ ®p L = L/,
where the structure of P’ as a P-algebra is given by a.
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