An algorithm for the divisors of monic
polynomials over a commutative ring

Ihsen Yengui

Equipe de Mathématiques, CNRS UMR 6623,

UFR des Sciences et Techniques, Besancon, France
Correspondence address: Département de Mathématiques,
Faculté des Sciences, 3018 Sfax, Tunisia
e.mail ihsen.yengui@fss.rnu.tn

Math. Nachr. 260 (2003), 1-7

Gilmer and Heinzer proved that given a reduced ring R, a polynomial f
divides a monic polynomial in R[X| if and only if there exists a direct
sum decomposition of R = Ry @ --- @& R, (m < deg f), associated to a
fundamental system of idempotents ey, ..., €,,, such that the component of
f in each R;[X| has degree coefficient which is a unit of R;. We propose
to give an algorithm to explicitly find such a decomposition. Moreover, we
extend this result to divisors of doubly monic Laurent polynomials.

INTRODUCTION

Let R be a ring and U(X) the multiplicative subset of R[X]| formed by monic polynomials,
that is polynomials with degree coefficient 1. The ring R(X) = R[X]y(x) received a considerable
amount of attention due to its role in Quillen’s solution to Serre’s conjecture. As soon as Serre’s
conjecture was settled, there were many research papers presenting results and algorithms
dealing with Serre’s conjecture and its ramifications [2,4,6,7,8,9,10].

In [2], the authors determined by an abstract way the group of units of R(X), this is equiva-
lent to determining the saturation U(X)* of U(X), that is all divisors of monic polynomials over
R. Our purpose in this paper is to determine for a given polynomial f in R[X] dividing some
monic polynomial, the explicit decomposition into a direct sum of polynomials with invertible
degree coefficients. Our proof is constructive, it does not use that of Gilmer and Heinzer and
extends it to the non reduced case.

Also, we give the analogue to this result for doubly monic Laurent polynomials, that is
polynomials in R[X, X 1] such that the coefficient of the highest and lowest terms are equal
to 1. Furthermore, we prove that any doubly monic Laurent polynomial divides some monic
polynomial in X + X~!. As a consequence, we retrieve a constructive proof of the fact that
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2 An algorithm for the divisors of monic polynomials
finitely generated projective modules over K [Xlil, XF ..., XH), K afield, are stably free.
1. THE UNITS OF R(X)

Proposition 1. Let f =ag+a; X +- -+ a, X" € R[X].

1) If R is reduced, then f € U(X)* if and only if there exists a direct sum decomposition
R=Ry® - ® Ry (m<n)of R such that if f = fo+ -+ fmm is the decomposition of f with
respect to the induced decomposition R[X| = Ro[X]|® -+ ® R,,[X], then the degree coefficient
of fi is a unit of R; for each 1.

2) If R is not reduced, then f € U(X)* if and only if there exist a nilpotent polynomial N and a
direct sum decomposition R = Ry®- - -®R,,, (m < n) of R such that if f—N = fo+- - -+ fum is the
decomposition of f — N with respect to the induced decomposition R[X] = Ro[X]|®- - @ R,[X],
then the degree coefficient of f; is a unit of R; for each 1.

3) f e U(X)* if and only if {(ao,...,a,) = R and, for each j € {0,...,n}, we can find 5; € R
and k; € N such that (aj(a;3; —1))% =0 mod (a;i1,...,a).

4) f € UX)* if and only if {ag,...,a,) = R and, for each prime ideal p of R, the relations
Aji1,--.,0n €, aj & p, imply that a; is a unit modulo p.

Proof. We make the proof without assuming we have an equality test inside R.

1) If Ris reduced. Let f =ag+a X + ... +a, X" and g = by + 01 X + ... + by X? in R[X]
such that fg =co+ X + ... + ¢, X" with ¢,,, = 1.
We prove the result by induction on n 4+ d — m.

—If m =n+d then a,b; = 1.

—If m < n+d. We write all the relations between the a;’s, b;’s and ¢;,’s in which a,, appears:

([ G,bg = € (= 0)
anbi—1 + apn_1bg = €1
(S) : 1 anba—2 + an_1bg_1 + an_2bg = €

anby + ap_1b1 + ... + a_yby, = €4

\

Where v = min{d,n}, ¢, =0if i <n+d—m.

If m < n, then multiplying each &' equality in (S) by a**!, we obtain the system
anbg =0
(s): 4 =0
azjrlbo =0

Thus, adtlg = 0 and @@t fg = 0. Hence, ad*! = 0, and a,, = 0 since R is reduced. It follows
by induction that all a;’s and b;’s with ¢ > m are zero and we can assume n,d < m.

By identification, €,1q4-m = ¢, = 1.

Considering the (n + d — m + 1)™ equality in (S) and multiplying each k'™ equality (1 < k <

n+d —m) by a*~!, we obtain

n+d—m+1 _nt+td—m
a, by—n = a, .
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We need the following lemma.

Lemma 1. Let R be a ring. If r"tly = " for some r,y € R and n € N, then v’y —r
1s nilpotent and r"y" is idempotent. If in addition, R s reduced then ry is idempotent and

rR = (ry)R.

Proof. Let uw = ry. It is clear that ™ (u — 1) =0, r"(u" — 1) = 0 and u™(u™ — 1) = 0. In the
reduced case, we get 7(u — 1) =0, u(u — 1) =0 and rR =ruR CuR CrR.

Using lemma 1, ¢y = a,by,_,, is idempotent and a2b,, , — a, = a,(eg — 1) = 0.

Set ey =1 — ey, Ry = Rey, R, = Rey, fo = feo, g0 = geo, fi = fel, 95 = gep- In Ry, epay, is a
unit, so deg(fo) = n and deg(go) = m — n.

We have R = Ry® Rj. In Ry, deg fig(, = m, the degree coefficient of fig( is a unit, deg(f}) <n
(since aney = 0), and deg(gy) < d. We are done by induction.

Concretely, if we continue the process, we find an idempotent e; in Rj, (e; is also an idempo-
tent in R) and a decomposition R = Ry @ Ry @ R}, and so on. So we find a priori n+d —m+ 1
terms in the final decomposition, where n, d < m since we first killed all a;’s and b;’s with ¢ > m.
In the most general case this means m + 1 terms in the final decomposition. Remark that with-
out zero test inside R it is possible that we do not know which terms in the decomposition are
useless, i.e., zero.

2) General case. R is not necessarily reduced.

— Let AV be the nilradical of R. The proof for the case “R reduced” works with R/AN. In
the first case we have proved a; = b; = 0 for i > m and we computed idempotents eq, ..., €,
verifying > e; =1, e;e; = 01if j # 4, e;a; = 01if 7 > m — 1 (Le., deg(e;f) < m —1), e;b, = 0 if
k> 1 (i.e., deg(e;g) <i) and e;(an,_b; — 1) =0.

In the general case we explicitly get with the same proof all these equalities modulo N, i.e.,
we know for each previous equality ¢ = 0 (in the reduced case) an exponent k for which, in the
general case t* = 0. This gives the desired result.

It is of interest to recall a folklore result stating that each idempotent in R/N lifts in R.
In more details, let 7 € R be an approximate root of the polynomial f(X) = X2 — X, that is
f(ry=r>—reN. Say f(r)=1r?>—1r =n=cn, where n € N and ¢y = 1.

We have f/(X) = 2X — 1 and f/(X)* = 4f(X) + 1. Thus, f/(r) = 1 + 4n is invertible. We
replace “a la Newton” the approximate root r by r + h as follows

fr+h)=f(r)+hf'(r) +h2fo(r,h), f2(r,h) € R.
Taking h = #Z) and setting r; = rq — f,L(r), we obtain f(r;) = c¢;n* for some c; € R.
Repeating this process, we find 7o, co, ..., 7, cx € R such that f(ro) = con, ..., f(ry) = cank.
For sufficiently large k, we get f(ry) =0 and r —rj, € (n) C N

Example: Let n = 4, d = 5, m = 3. We have a?"! = af = 0 and 0}"" = 62 = 0. Thus, in
the ring R/ (a4, bs), the degrees are cut down at 3 and 4, and consequently b; = 0. Here, one
may wonder if it is possible to explicitly bound the nilpotence order of by in R. Since b = 0
in R/ (a4, bs), we obtain an equality b} = a4A + bsB in R (A and B can be computed but it is
not necessary). Hence, in R, b;*' = aSA’ 4+ b2B’' = 0. This suggests that a function bounding
the nilpotence order will be exponential at n and d.

In the ring R/ (a4, bs, by), the degrees are cut down at 3 and 3, that is n = d = m = 3, and
we are in the second case. The equality a?™4"1p,, . = a4~ signifies that ajby = a3. The
Lemma says that (r(ry—1))* = 0 with r = a3 and y = by in R/ (a4, bs, bs). One can precisely get
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(r(ry — 1))3*M0+5+6=2) — (p(py — 1)) = 0in R. In S = R/ (a4, b, by, as(asby — 1)), asby = ry
is idempotent and corresponds to an idempotent of R. Indeed, ry is an approximate solution
of the equation X? — X = 0 which lifts “4 la Hensel” since 2X — 1 is, at X = ry, a unit: indeed
(2X —1)2=1+4(X? — X) and 4(X? — X) is, at X = ry, nilpotent with order less than 147.
Denote by e = azbg+ a nilpotent element, the idempotent lifting asby in R. This decomposes R
and S into two parts. In eS ~ S/ (e — 1), f is quasimonic with degree 3 and b; = by = b3 = 0.
This means that in eR ~ R/ (e — 1), f is quasimonic with degree 3 and by, by, b3 are nilpotent.
And soon ...

— Another wording:

With the same notations as in the reduced case, we prove the result by induction on n.

If a"t4=™ = 0 or alt! = 0.
Let k = max{n + d — m,d + 1}, we have a® = 0. Since ((f — a,X")g — fg)¥ = 0, we can
explicitly find a polynomial k in R[X] such that (f — a,X™)gh = (fg)* is monic with degree
mk, and we are done by the induction hypothesis.

If a"td=m £ 0 and ad*! # 0.
By the calculations done in the reduced case, we have

a

n—i—d—m—i—lbmin =a

n+d—m
n n :

ntd=m is idempotent and o = a,(apby_n — 1) is nilpotent.

By Lemma 1, ey = (apbp—n)
ntd=m — (). Hence a2 = a2b,,_, — aa, and a, = a3b?,_,

_ 2
We have a,, = a;b,,—, — o where a .=
by — . And so on, we can see that a, = b5 4 ™a " L B = q, (apbp_n)" T + B,

where 3"+4=™ = (. Thus with a/, = a,eq = b7 %4 ™a" 4™+ it holds

b?n—n(a, )2 - bm—na;z = b2 a2 (anbm—n)Q(n+d_m) - bm—nan(anbm—n>n+d_m =0

n m—n-n
as by, _patd=mtl = gntd=m_ Ag b a’ is idempotent, b,,_,a!, = e, and
eoR = bp_na,R C a,R = an,eoR C R,

that is a) R is generated by the idempotent ey.

Denoting f1 = f — a, X" + a, X", f = fi — N, where N is nilpotent.

We have fig = fg+ Ng and thus (fig — fg)""™ ™ = 0 and we can explicitly find a polynomial
D in R[X] such that figD = (fg)""¥ ™ monic with degree m(n + d — m).

Of course, the degree coefficient of f; is al,. It remains only to do as in the reduced case, just
replace f by fi, a, by a.,, anbm_n by (anbm_n)" ™, g by gD, and m by (n +d — m)m.

3) Suppose that f € U(X)*. It is clear that one easily obtains an equality asserting that

(ag,...,a,) = R. For each j € {0,...,n}, considering the ring R/ (aj;1,...,a,) and reviewing
the proof of part 2), we see that the first step of the algorithm produces an equality of the form
a;* =0 or a;*t13; = a;* for some 3; € R. Hence, (a;(a;3; —1))* = 0mod (aji1,...,a,).

Conversely, suppose that (ag,...,a,) = R and, that for each j € {0,...,n}, we can find
B; € Rand k; € Nsuch that (a;(a;8;—1))% = 0 mod (a;;1, ..., a,). Since (a,(an,B8,—1))"™ =0,
we have afntly, = afn, where v, = . Ci (—1)¥~ai=13. Now, as in the proof of part 2),
we can write f = f; — N, where f; = f — a, X" + yFa*»T1 X" and N*» = 0. To prove that f
divides some monic polynomial, it suffices to do the same for f;.
Denoting by ey = (a,7,)*", € is idempotent by Lemma 1, R = Rey @ R(1 — eg), fi = fieo +
fi(1 — ep), and the degree coefficient of fieg is a unit of Reo[X]. Our task is then reduced to
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prove that fi(1—eg) divides some monic polynomial in R(1—ep)[X]. Since deg(fi(1—ep)) <n
and all the hypotheses on f are inherited by fi(1 — eg), the desired result can be obtained by
induction on n. Note that the condition (ay, ..., a,) = R is needed to get the induction started.

4) This equivalence was given in [2]. The condition:
Ajt1,-..,0, € P, a;j ¢ pimply that a; is a unit modulo p

is easily seen to be necessary as a consequence of 2). The proof that the condition is sufficient
needs at least the axiom saying that any non trivial ring has a prime ideal (this is a weak
version of choice). So it cannot be constructive. However, 3) can be seen as a constructive
reformulation of 4) obtained by mean of the notion of “idealistic prime” [1,5].

Example 1. Let U and V' be two indeterminates over a field K, and consider the reduced ring

R=K[UV]/(U*-U,UV) = Klu,v] = K[v] ® K[v]u, where u* = u and uv = 0.

Setting f = u—(14u) X*+uX? and g = v+uX?+(u—1)X?, we have fg = (u—v) X?—2uX*+X5.
Using the algorithm described in the proof of Proposition 1, we find:

eo = azby = u? = u, Ry = Ru = uK[u,v], fo = uf = u—2uX?+uX3 gy=uX? R)=R, =

Rl—u)=(1—-uK[u], fof=fi=@u—-1)X%go=g =v+ (u—1)X3.

Thus, in K[u,v] = uK|[u,v]® (1 —u)K|u,v], the decomposition of f is f = (u—2uX?+uX?)+

((u—1)X?).

Of course, Ry = uKu,v] ~ R, by this isomorphism fy < 1 —2X2 4+ X3 gy < X%

Ry = (1 — u)K[u,v] ~ R, by this isomorphism f; < —X?2, g; < v — X3.

Example 2. Let U and V be two indeterminates over a field K such that CharK # 2, and
consider the non reduced ring R = K[U,V]/(U*—-U,UV?) = k[u,v] = K[v]® Ku® Kuv, where
u? = u and wv? = 0. The nilradical of R is N’ = (w) and R/N = K[U,V]/(U?> —U,UV) =
Ku' v'] with v = v and v'v' = 0.

Setting f = u—(1+u) X2 +uX3+uvX? and g = —v'+uX?+202 X3 - 2u X +u X+ (u—1—uv) X°,
we have fg = (u+v")X? — 4uX* + (u — v} X5 + 4uX® — 4u X" + X8,

- If we want to decompose R/N, we consider the images modulo N, f' = v/ — (1 +u/) X? +
U/X:%’ g/ — —Ul4 + U/X2 + 20/2X3 _ 2u/X4 + u/X5 + (u/ o 1))(67 f/ N (u/ + U/4)X2 _ 4UIX4 +
(v — v?)X? + 4u' X® — 4u' X7 + X8, respectively of f, g , and fg.

As in Example 1, our algorithm yields to the direct sum decompositions:

R/IN =o' K[u' v & (1 —u)K[u, 0],

=0 —20/X?+u'X3) + ((u —1)X?).

f—uwwX?* = (u—2uX?+uX?) + ((u—1)X?), where (vvX*)? = 0.

- If we want to decompose R, using the algorithm described in the proof of Proposition 1
for the non reduced case, we have:
((f — wX*t)g — fg)> = 0 and thus (f — wwX)(g*(f + uwX™)) = (f9)°.
Note that g2 has degree 12 and highest coefficient 1 — u, f + uvX? has degree 4 and highest
coefficient 2uv, whereas ¢*(f + uvX*) has degree 14 and highest coefficient u — 1 — uv.
The first idempotent element found is eg = (azbi3)'" "0 = azbiz = az((¢*)12(f + v X*); +
(92)11(f + UUX4)2 + (92)10(f + UUX4)3 + (92)9(f + UUX4)4 = Uuu = Uu.
Thus, fo = (f —wXu = u—2uX? +uX? fi = fi = (f —wXH(1 —u) = (u—1)X?,
R = Ku,v] = uK[u,v] ® (1 —u)K[u,v], and f —uwwX* = (u — 2uX? + uX?) + ((u — 1)X?),
where (uvX?)? = 0.
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2. THE UNITS OF R[X, X '],

We consider the following regular multiplicative subsets of R[X]:

U(X)={f € R[X], f is monic},

S ={X"neN}

W= {f € RIX], £(0) = 1},

V=UX)NW={1+u X+ +a, 1 X" '+ X" neN\{0},a; € R},

V ={f € R[X, X7!], the coefficient of the highest and lowest terms are equal to 1}.

Note that R[X, X '], = R[X]sy. By the following two propositions, we give characterizations
of the saturations of V' and V. The proofs of parts 1), 2), 3) and 4) in Proposition 2 and
Proposition 3 are constructive.

Proposition 2. Let f =ag+a; X + -+ ap, 1 X" ' +a,X" € R[X].

1) If R is reduced, then f € V* if and only if there exists a direct sum decomposition R =
Ry® - - ® R,y (m <n)of R such that if f = fo+ -+ fm is the decomposition of f with
respect to the induced decomposition R[X]| = Ro[X] @ --- & R,,[X], then both of the constant
and degree coefficients of f; are units in R; for each 1.

2) If R is not reduced, then f € V* if and only if there exist a nilpotent polynomial N and a
direct sum decomposition R = Ry®- - -®R,, (m < n) of R such that if f—N = fo+- -+ fum is the
decomposition of f — N with respect to the induced decomposition R[X| = Ro[X]|®---® R,,[X],
then both of the constant and degree coefficients of f; are units in R; for each 1.

3) V* ={f € R[X], f(0) and the degree coefficient of f are units} if and only if R is reduced
and indecomposable.

4) f € V*if and only if ap is a unit and, for each j € {0,...,n}, we can find 5; € R and
k; € N such that (a;(a;3; — 1))% = 0mod (a;41,...,a,).

5) f € V*if and only if ag is a unit and, for each prime ideal p of R, the relations aji1,...,a, €
p, a; ¢ p, imply that a; is a unit modulo p.

Proof. 1) For the necessity, the system of idempotents corresponding to the direct sum de-
composition R = Ry @ --- @ R,, is given by Proposition 1.1). It is clear that for each 4, the
constant coefficient of f; is a unit in R;. For the sufficiency, for each i, denote by «; and (;
respectively the inverses of the constant and degree coefficients of f; in R;, and by n; the degree
of fi (ni <n). Then

m
(Z(ai + @'Xnm)) f
i=0
has 1 as constant and degree coefficient and f € V*.

2) Do as in Proposition 1.2).

3) By virtue of 2), it suffices to prove that the result fails if R is not reduced or is decomposable.
If R is not reduced, let v be a nonzero nilpotent in R. Since 1 + X is a unit in R[X], then
1+~X € V* while v is not a unit. If R is decomposable, write 1 = e; + ey, where e; and e, are
two orthogonal idempotents in R. Then (1 4+ €, X)(1 +e2X) =1+ X and thus 1 +e; X € V*,
while e; is not a unit in R.

4) Do exactly as in Proposition 1.3).

5) Same remarks as for Proposition 1.4). <
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Proposition 3. Let f(X) = a X* + ap 1 X" + -+ X' € RIX, XY, k,l € Z.

1) f € V* if and only if there exist n € N\ {0} and m € N\ {0} such that X" f(X) € U(X)*
and X™f(X™1 e UX)*,

2) In the case R is reduced, f € V* if and only if there exists a direct sum decomposition
R=Ry&® ... R, of R such that if f = fo+ -+ fum is the decomposition of f with respect to
the induced decomposition R[X, X 1| = Ry[X, XY & -+ @ R,[X,X1], then the coefficients
of the highest and lowest terms of f; are units in R; for each i.

3)V = {f € R[X, XY, the coefficient of the highest and lowest terms are units} if and only
if R is reduced and indecomposable.

4) f € V* if and only if (ak,...,a) = R and, for each j € {k,...,l}, we can find 5;,0; € R
and mj,n; € N such that (a;(a;3; — 1)) = 0mod (a;1,...,a,) and (a;(a;0; — 1)) =
0 mod (ag, ...,a;_1).

5) f € V* if and only if {(ak,...,a;) = R and, for each prime ideal p of R, the relations
A1y, €EP, aj Ep orayg,...,a;_1 €D, a; ¢ p, imply that a; is a unit modulo p.

Proof. 1) It is clear that the condition is necessary. For the sufficiency, suppose that we can find
two polynomials g, h € R[X] such that X" f(X)h(X) € U(X) and X™f(X 1)g(X) € U(X).
Then, (X"h(X)+ X "g(X'))f €V and f € V*.

2) Using Proposition 1 and part 1), if z,...,z, and yo,...,y, are two systems of nonzero
orthogonal idempotents associated respectively to X™f(X) and X™f(X~!), then denoting
{z;y;,0 < i < p,0 < j <q} = {e,....en}, we take R; = Re;. For the sufficiency, for
each i, denote by «; and ; respectively the inverses of the lowest and highest coefficients of f;
in R;, and by k; and [; respectively the lowest and highest degrees of f; (k < k;, [; <1). Then

(Zm:(aixk-’“ + @-Xl-lf)) f

1=0

has 1 as lowest and highest coefficient and f € V*.
3) Do exactly as in Proposition 2.3).

4) Do exactly as in Proposition 1.3).

5) Same remarks as for Proposition 1.4).

It is clear that for any ring R, U(X + X ') CV and U(X + X ') # V. Next, we prove
that U(X + X~ 1)* = V* in R[X, X !], that is, each doubly monic Laurent polynomial divides
some monic polynomial in X + X1,

Proposition 4. For each f € V, there exists g € V such that fg € U(X + X 1).

Proof. Remark that a Laurent polynomial ¢ is in R[X + X '] iff ¢(X) = ¢q(X™!). Let v the
degree coefficient of f(X)f(X™!). We take g =y~ f(X1). &

Corollary 1. For any ring R, R[X, X ']y = R[X, X 'yxix-1) and R[X, X ']y is a finitely
generated free R(X + XY -module generated by 1 and X.

Proof. This follows from Proposition 4 and the fact that R[X, X '] is a finitely generated free
R[X + X '-module generated by 1 and X [3, Lemma 1]. $

We also obtain an alternative constructive proof of the following well-known result.



8 An algorithm for the divisors of monic polynomials

Corollary 2. If K is a field then every finitely generated projective module over
KX XF . X s stably free.

Proof. We reasone by induction on n. Let P be a finitely generated projective module over
A=K[XF XF .. XF. By [4, Lemma 2.1 p. 90], we can find a finite rank free A-submodule
Fof Pand f € A— {0} such that fP C F.

After the change of variables X; = Y, X, = Y2Y{",. .., X,, = Y, Y7*" ', for sufficiently large
m, f becomes doubly monic in Y;. By Proposition 4, we can find g € A such that fg € B =
K[V VALY, + Y7 Y and fg is monic relatively to Y; + Y, L.

Since (fg)gF C (fg)P C gF, the Towber presentation applies [5, Proposition 2.2 p. 91], where
the modules are considered as B-modules (A = B?). {

Note that we can also obtain a constructive proof of the fact that finitely generated projective
modules over A = K[X{', XF' ..., X+ are free using Corollary 2 and the fact that GL,(A)
acts transitively on Um,(A) for r > 1 [9].
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