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Abstract: From the Positivstellensatz we construct a continuous
and rational solution for Hilbert’s 17th problem and for several
cases of the Positivstellensatz. The solutions are obtained using
an especially simple method.
I. Introduction.
Let K be an ordered field, and R its real closure. Hilbert’s 17th problem
asks if an everywhere nonnegative polynomial f ∈ K[X] := K[X1 , . . . , Xn ]
can be expressed as a sum of squares of rational functions in K(X) with
positive weights in K. Since the answer is well known to be ‘Yes,’ we
now seek more information, in particular, on the way the coefficients of
the solution can vary in terms of the coefficents of f . The main tools we
shall use to obtain this extra information are the notion of semipolynomial
function and the Positivstellensatz for K[X].
A semipolynomial function with coefficients in K (a K-semipolynomial)
from Rn to R is a function obtained by a finite iteration of composition
of polynomials in K[X] and the function absolute value. A well-known
proposition, not used here, assures that the set of K-semipolynomials agrees
with the minimal max-min stable set of functions containing polynomials
in K[X] (see, for example, [Del4 ]).
By the name Positivstellensatz we shall refer to the more general version of this theorem, i.e., the one assuring that it is possible to associate
to every incompatible finite conjunction of generalized sign conditions on
a list of polynomials in K[X] an algebraic identity in K[X] making this
incompatibility evident (see the beginning of §II).
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Using this Positivstellensatz we shall provide, in a constructive way,
a continuous and rational solution for Hilbert’s 17th problem. More precisely, let fn,d (c, X) be the general polynomial of degree d in the n variables X := (X1 , . . . , Xn ) with coefficients c := (c1 , . . . , cm ), and consider
the semialgebraic set
IF n,d = {c ∈ Rm : ∀x ∈ Rn

fn,d (c, x) ≥ 0}.

Theorem II.5. (Main Theorem) The general polynomial fn,d of degree
d in n variables can be written as a weighted sum of squares of rational
functions
2

X
qj (c, X)
fn,d (c, X) =
pj (c)
k(c, X)
j
(for all c ∈ Rm ), where
• k(c, X) and the qj (c, X) are polynomials in the variables X whose
coefficients are Q-semipolynomials
0
in the coefficients c. Moreover, if
c ∈ IF n,d , then k(c, X) vanishes only on the zeros of fn,d (c, X), and
• each pj (c) is a Q-semipolynomial
0
which is nonnegative on IF n,d . Moreover, under the hypothesis c ∈ IF n,d , the nonnegativity of pj (c) is
‘clearly’ evident.
A. Prehistory of Theorem II.5
Hilbert posed his 17th problem in 1900 [Hil]; E. Artin solved it in 1927
[Art] by a non-constructive method. In 1955 Artin asked Kreisel whether,
from Artin’s own proof, one could extract bounds on the number and degrees of the rational functions, in terms of suitable elements of the data (n,
d, and possibly c); Kreisel gave a sketch of such an ‘unwinding’ in [Kre2 ];
the bounds so constructed were in terms of n and d (not c), and primitive
recursive; in 1961 Daykin [Day] worked out Kreisel’s sketch, showing that,
roughly, the bounds were obtained by applying primitive recursion at least
twice to exponential functions of n and d.3 Independently, A. Robinson
(see [Rob1 ] and [Rob2 ]) got (by definition total) general recursive bounds.
These authors also expressed the weights and coefficients of the rational
functions as ZZ-piecewise-polynomial functions g of c. All this handles the
case in which K is given with computable arithmetic operations and sign
test (e.g., when K = Q)—and
0
it was more than enough for Artin himself.
But the fact that those g were, a priori , discontinuous in c for the usual,
order topology on R, meant that they were computationally inadequate for
the case where K = IR, since if we want to have computable arithmetic
operations, elements of IR must be given by, say, rational approximations;
this makes equality and, a fortiori , the order relation, undecidable. Intuitionistic logic gives small changes in the logical laws which do ensure
3
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continuity of functions constructed (and for a wide range of topologies). So
after the above contributions by classical logic, Kreisel asked in 1962 [Kre3 ]
whether intuitionistic logic could also contribute, by determining whether
the g could be chosen to be continuous, or the rational functions ∈ K(X)
could be chosen to be continuously extendible to Rn . So far, intuitionistic
logic has contributed little, and real algebraic geometry much:
(a) In 1978 Kreisel noticed [Kre4 ] that Stengle’s 1974 “Positivstellensatz” [Ste] (which others have called a “Nichtnegativstellensatz”) easily
a positive semidefinite (‘psd’) f ∈ K[X] in the form f =
P represents
2
j pj (qj /k) with 0 ≤ pj ∈ K and k, qj ∈ K[X] and, most importantly
here, such that the functions qj /k extend continuously to Rn (see the end
of §II below for details).
(b) In 1980 the first author showed [Del2 ] that for even d ≥ 4, the
weights pj (c) in (II.5)(?) cannot be chosen to be rational functions (∈
R(c)); and in 1990 ([Del6 ] and [Del7 ]) he excluded even (germs of) real
analytic functions when R = IR.
(c) Also in 1980 he found his first positive result on this ([Del3 ]): for
all d ≥ 0 the pj and the coefficients of k and the qj can be chosen to
be (locally uniformly) continuous Q-semialgebraic
0
functions of c; functions
with these properties can be effectively evaluated even over IR , in the—only
reasonable—sense that they are computable on, say, the rationals, and they
take approximations to approximations. And from the mere existence of
this representation of f (and the completeness of the theory of real closed
fields), the semialgebraic descriptions of these functions are given by general
recursive functions of n and d.
There were two shortcomings in (c): (1) As Scowcroft [Sco1 ] and the
third author [Lom2 ] remarked, it contained (only) one nonconstructive step,
namely, the use of Stengle’s theorem, proved up until then by means of
Zorn’s lemma. In 1956 Kreisel had observed [Kre1 ] that by relativising
a proof to the constructible universe, the axiom of choice (and even the
generalized continuum hypothesis) can be eliminated from any proof of an
arithmetical theorem, a fact which has been used to sanitize proofs of results on the order of homotopy groups (by Serre) and on p-adic fields (by
Ax and Kochen). Thus, being arithmetic (at least if, say, K = Q,
0 which
was the only case used in (c)), Stengle’s theorem follows from ZF without
further ado. It is clear that this ‘trick’ would not satisfy constructivists,
however: often there is more to constructivity than purging the axiom of
choice, namely purging the principle of the excluded middle. Note also that
ZF with intuitionistic logic seems not constructively meaningful. Scowcroft
[Sco1 ] offered a sketch of a proof of Stengle’s theorem without AC or any
other constructively dubious principle; if successful it would yield bounds
which belong not only to the set of general recursive functions, but to
the proper subset of those which are provably total in formal arithmetic
(intuitionistic or classical, both having the same provably total recursive
functions). The third author gave a direct, constructive proof of the Pos63

itivstellensatz [Lom1 ], with explicit (primitive recursive) bounds [Lom3 ].
Thus, by changing only one entry in the bibliography of [Del3 ] (namely,
from [Ste] to [Lom1 ] and [Lom3 ]), the proof in [Del3 ] becomes constructive,
and the semialgebraic descriptions of those functions also become primitive
recursive. Thus, if all that we had wanted in a solution to Hilbert’s 17th
problem over IR were brutal constructivity, then we could have stopped
here; in particular, there would have been no need for (II.5) (though the
luxury of a simpler proof is welcome).
(2) The other shortcoming of (c), which was not to be overcome by
the above kind of tinkering with the proof in [Del3 ], was that the functions
which it produced are ‘only’ semialgebraic, and therefore do not necessarily
take K-rational values at K-rational arguments c, as Hilbert asked for
(unless K is real-closed). So in the first author’s thesis, and in [Del1 ],
[Del3 ], and elsewhere, he proposed to construct continuous, ZZ-piecewisepolynomial weights and coefficients; such functions obviously do take values
in K at K-rational arguments c, uniformly for all K. And in [Del4 ] he
conjectured the full statement of Theorem II.5, that the functions could
even be chosen to be ZZ-semipolynomials, which would make their continuity
‘evident’. This last conjecture/theorem appears to be ‘strongest possible’
by (b), and it contains the results in (a) and (c) above, as explained in
more detail at the end of §II below.
B. History of Theorem II.5
Theorem II.5 is a special case of the Positivstellensatz for semipolynomials (‘Pfs’). The first author proved II.5 and the Pfs in 1988 (see the
abstracts [Del5 ] and [Del7 ]). The second and third authors, jointly, rediscovered these results in 1991, independently of the first author, and by a
different method. This paper presents their proof of (II.5), along with their
view (§IV) of it as being primarily a contribution to constructive mathematics (à la Bishop). Their proof of the Pfs will appear in [GV-L]. The
first author’s proof of both results will appear in [Del8 ], along with his view
of them as being primarily a contribution to (classical) topological algebra
and to the examination of assumptions of the logical tradition, specifically,
the assumption that logic contributes to this part of mathematics.
Perhaps the main difference between the two proofs of the Pfs is that
the first author reduces it to the abstract Stellensätze for the real spectrum of an arbitrary commutative ring, while the second and third authors
reduce it to the Positivstellensatz for polynomials. An advantage of the
former proof is that it has some surprising facts about abstract semialgebraic (in particular, abstract ‘semipolynomial’) functions in f -rings as
by-products. For example, while the absolute value function c1 7→ |c1 | is
obviously positive semidefinite on R, it is not psd on the real spectrum
of the ring of semipolynomials. This example motivated a large part of
N. Schwartz’s recent investigation [Sch] into abstract piecewise-polynomial
functions. An advantage of the latter proof of (II.5) is that it avoids even
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the appearance of reliance on Zorn’s lemma, simply by avoiding the abstract
Stellensätze. This relies, instead, on—the third author’s direct, constructive proof of—the Positivstellensatz for polynomials [Lom1 ]; as a result,
the functions produced by this proof are primitive recursive in n and d; as
in (A.c.1) and in Kreisel’s and Daykin’s results at the beginning of subsection A, these primitive recursive functions are of iterated exponential
complexity in n and d,4 while those of [Del8 ] are only general recursive.
Thus the latter proof provides another constructive solution to Hilbert’s
17th problem over IR, simpler and more informative than that described in
(A.c.1) above (see §IV for details).
The first author’s proof of (II.5) was, at first, more complicated than
necessary; A. Prestel simplified the proof, and incidentally rearranged it
along the lines of the method below by the second and third authors. He
also asked in [BP] whether the result extended to higher even powers; cf. the
abstract in [Pre2 ] when n = 1.
The underlying ideas used to prove (II.5) and the Pfs led all of us (again
independently) to improve the continuous and semialgebraic variation in
Scowcroft’s Positivstellensatz [Sco2 ] to semipolynomial variation.
Finally, unlike the proofs of (II.5) presented in this paper and in [Del8 ],
the proof presented in [GV-L] reduces the result to the Pfs.
II. A rational and continuous solution to Hilbert’s 17th problem.
First we recall the definitions of strong incompatibility and the general form
for the Real Nullstellensatz in the polynomial case (see [Lom1 ] and [Lom3 ]).
We consider an ordered field K, and X denotes a list of variables X1 , X2 ,
. . . , Xn . We then denote by K[X] the ring K[X1 , X2 , . . . , Xn ]. If F is a
finite subset of K[X], we let F ∗2 be the set of squares of elements in F ,
and M(F ) be the multiplicative monoid generated by F ∪ {1}. Cp(F ) will
be the positive cone generated by F (= the additive monoid generated by
elements of type pP Q2 , where 0 ≤ p ∈ K, P ∈ M(F ), and Q ∈ K[X]).
Finally, let I(F ) be the ideal generated by F .
Definition II.1. Consider 4 finite subsets of K[X] : F> , F≥ , F= , F6= , containing polynomials for which we want respectively the sign conditions > 0,
≥ 0, = 0, and 6= 0: we say that F := [F> , F≥ , F= , F6= ] is strongly incompatible in K if we have in K[X] an equality of the following type:
S + P + Z = 0 with S ∈ M(F> ∪ F6=∗2 ), P ∈ Cp(F≥ ∪ F> ), Z ∈ I(F= ).
It is clear that a strong incompatibility is a very strong form of incompatibility. In particular, it implies that it is impossible to give the indicated
signs to the polynomials considered, in any ordered extension of K. If one
4
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considers the real closure R of K, the previous impossibility is testable by
Hörmander’s algorithm, for example (see [BCR], chapter 1).
The different variants of the Nullstellensatz in the real case are a consequence of the following general theorem:
Theorem II.2. Let K be an ordered field and R a real closed extension
of K. The three following conditions, concerning a generalized system of
sign conditions on polynomials of K[X], are equivalent:
• strong incompatibility in K;
• impossibility in R; and
• impossibility in all the ordered extensions of K.
This Nullstellensatz was first proved in 1974 [Ste]. Less general variants
were given by Krivine [Kri], Dubois [Du], Prestel [Pre1 ], Risler [Ris] and
Efroymson [Efr]. All the proofs until [Lom1 ] and the sketch in [Sco1 ] ‘used’
the axiom of choice (recall (I.A.c.1)).
II.3 Parameterizing Hilbert’s 17th problem.
Let fn,d (c, X) be the general polynomial of degree d in n variables (c denotes the list of coefficients c1 , . . . , cm and X the list of variables X1 , . . . ,
Xn ). It is a standard fact in real algebraic geometry that the set
IF n,d = {c ∈ Rm : ∀x ∈ Rn

fn,d (c, x) ≥ 0}

is a closed Q-semialgebraic
0
set. So, applying the Finiteness Theorem, we
have that IF n,d is a finite union of ‘basic’ closed Q-semialgebraic
0
sets:
IF n,d =

ni
k \
[

{c : Rn,d,i,j (c) ≥ 0}.

i=1 j=1

Here the Rn,d,i,j are polynomials in ZZ[c].5 The last equation allows us to
describe the set IF n,d in the following way:
n
o

IF n,d = c : max min{Rn,d,i,j (c) : j = 1, . . . , ni } ≥ 0 .
i=1,...,k

So, if for every i in {1, . . . , k} we define
Hn,d,i (c) =

min {Rn,d,i,j (c)}

j=1,...,ni

5 Some of the published proofs of the Finiteness Theorem (e.g., [Del ]) explicitly
1
mention the fact that the coefficients of the Rn,d,i,j may be chosen to be rational numbers
(even integers, after clearing denominators), while others (e.g., [BCR]) assert only that
they can be chosen in R; but even these other proofs actually do yield the integrality of
the coefficients, if one merely pays attention to it. Likewise, in most of the proofs, the
authors do not pay attention to the constructive character of their proofs; if one does,
one sees that in fact most of the proofs are constructive; [Del1 ] does pay attention, and
[Sol] goes even further, by giving a careful complexity analysis.
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and
Hn,d (c) = max {Hn,d,i (c)},
i=1,...,k

we have obtained the following description for the set IF n,d :
IF n,d = {c : Hn,d (c) ≥ 0},
where Hn,d (c) is a Q-semipolynomial.
0
Therefore we have shown the equivalence
c ∈ IF n,d

⇐⇒

Hn,d (c) ≥ 0

⇐⇒

∀x ∈ Rn

fn,d (c, x) ≥ 0.

II.4 The proof of the parameterized theorem.
The last equivalence allows us to conclude

∀c ∈ Rm ∀x ∈ Rn Hn,d (c) ≥ 0 =⇒ fn,d (c, x) ≥ 0 ,
or, what is the same, the incompatibility of the system of generalized sign
conditions
Hn,d (c) ≥ 0, fn,d (c, X) < 0.
(1)
If Hn,d (c) were a polynomial and not a semipolynomial, then, applying the classical Positivstellensatz (theorem II.2) to the incompatibility (1),
we would get an algebraic identity in c and X making this incompatibility evident. This would give, for the polynomial fn,d (c, X), a solution to
Hilbert’s 17th problem parameterized by polynomials in c and so, a rational
and continuous solution.
As this way of attacking the problem is not feasible, we shall try to
translate our incompatible system to another one using only polynomials in
order to be able to apply the Positivstellensatz (Theorem II.2). To achieve
this goal we introduce new variables z1 , . . . , zk , and for every i ∈ {1, . . . , k}
we consider the following polynomial system of generalized sign conditions:

(zi − Rn,d,i,1 (c))(zi − Rn,d,i,2 (c)) · · · (zi − Rn,d,i,ni (c)) = 0,



zi − Rn,d,i,1 (c) ≤ 0,


zi − Rn,d,i,2 (c) ≤ 0,
IH i =

..


.


zi − Rn,d,i,ni (c) ≤ 0.
It is clear from the definitions of Hn,d,i and IH i that, for fixed c ∈ Rm , if
the system IH i is verified then zi = Hn,d,i (c).
Next we consider a new variable z and the following polynomial systems
of generalized sign conditions:

(z − z1 )(z − z2 ) · · · (z − zk ) = 0,



z − z1 ≥ 0,


z
− z2 ≥ 0,
IK = {IH 1 , . . . , IH k , IH }.
IH =

..


.


z − zk ≥ 0.
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Clearly we have that, for fixed c ∈ Rm , if the system IK is verified, then
z = Hn,d (c).
After introducing in this way the variables z, z1 , . . . , zk , what we have
obtained is the following incompatible system of generalized sign conditions
on polynomials in IK[X, z, z1 , . . . , zk ]:
IK, z ≥ 0, fn,d (c, X) < 0.
Applying to this system the Positivstellensatz (theorem II.2) and replacing
in the equality obtained every zi by Hn,d,i (c) and z by Hn,d (c), we obtain
an algebraic identity concerning polynomials in X whose coefficients are
Q-semipolynomials
0
in c.
Next we study the different parts appearing in this algebraic identity:
• The strictly positive part in the initial identity (before the zi ’s
replacement) was fn,d (c, X)2r and remains unchanged.
• The null part in the initial identity was a polynomial in the ideal
of IK[X, z, z1 , . . . , zk ] generated by the polynomials with ‘= 0’ in
IK , i.e.,
(zi − Rn,d,i,1 (c))(zi − Rn,d,i,2 (c)) · · · (zi − Rn,d,i,ni (c))

1≤i≤k

(z − z1 )(z − z2 ) · · · (z − zk ).
After replacing z by Hn,d (c) and every zi by Hn,d,i (c), this part
becomes a function of c identically 0 (zero for all c ∈ R), and this
is the reason why it will not appear in the final identity which
concerns polynomials in X with coefficients Q-semipolynomials
0
in
c.
• The nonnegative part in the initial identity was a polynomial in
the positive cone generated by the polynomials:
−fn,d (c, X), z, z − z1 , . . . , z − zk ,
Rn,d,i,1 (c) − zi , . . . , Rn,d,i,ni (c) − zi

i ∈ {1, . . . , k}.

After the replacement only −fn,d (c, X) remains unchanged, and
the other generators of the cone become Q-semipolynomials
0
in
c which are clearly nonnegative for every c (by the definition of
the functions Hn,d,i (c) and Hn,d (c) in terms of max and min) or
the Q-semipolynomial
0
Hn,d (c) that is nonnegative if fn,d (c, x) is
nonnegative for all x ∈ Rn .
Summarizing, we have found an algebraic identity with the following
structure:
fn,d (c, X)g(c, X) = fn,d (c, X)2r + h(c, X),
(2)
where g(c, X) and h(c, X) are polynomials in X whose coefficients are Q0
semipolynomials in c. More precisely, g(c, X) and h(c, X) are sum of terms
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pj (c)qj (c, X)2 ,
where the qj (c, X) are polynomials in X with coefficients Q-semipolyno0
mials in c and the pj (c) are Q-semipolynomials
0
nonnegative under the hypothesis Hn,d (c) ≥ 0. More precisely we have that every pj (c) is a product
whose factors have one of the following type:
• the Q-semipolynomial
0
Hn,d (c),
• a Q-semipolynomial
0
Hn,d (c) − Hn,d,i (c),
• a Q-semipolynomial
0
Rn,d,i,j (c) − Hn,d,i (c), and
• a positive rational or the square of a Q-semipolynomial
0
in c.
If we multiply by fn,d (c, X) every member of equation (2), we get
fn,d (c, X) =

fn,d (c, X)2 g(c, X)
,
fn,d (c, X)2r + h(c, X)

and denoting by k(c, X) the denominator of this fraction, we obtain finally
fn,d (c, X) =

g1 (c, X)
fn,d (c, X)2 g(c, X)k(c, X)
=
,
2
k(c, X)
k(c, X)2

where g1 (c, X) is of the same type as g(c, X) and h(c, X). Moreover, k(c, X)
vanishes only at the zeros of fn,d (c, X) if Hn,d (c) ≥ 0, because then h(c, x)
is positive for all x ∈ Rn .
Most of the following theorem has now been proved:
Theorem II.5. The general polynomial fn,d of degree d in n variables can
be written as a weighted sum of squares of rational functions
fn,d (c, X) =

X
j


2
qj (c, X)
pj (c)
,
k(c, X)

(?)

where
• the qj (c, X) and k(c, X) are polynomials in the variables X whose
coefficients are Q-semipolynomials
0
in the coefficients c. Moreover, if
c ∈ IF n,d , then k(c, X) vanishes only on the zeros of fn,d (c, X);
• each pj (c) is a product whose factors are Hn,d (c), or one of the Q0
semipolynomials Hn,d (c) − Hn,d,i (c), or one of the Q-semipolynomials
0
Rn,d,i,j (c) − Hn,d,i (c), or a positive rational, or the square of a Q0
semipolynomial in c. So, under the hypothesis Hn,d (c) ≥ 0, the nonnegativity of pj (c) is ‘clearly’ evident; and
• the equation
fn,d (c, X)k(c, X)2 −

X
j

69

pj (c)qj (c, X)2 = 0

is especially evident in the following sense: the first member of the
equality, as polynomial in X, has as coefficients Q-semipolynomials
0
in
c which are identically 0 (without assuming c ∈ IF n,d ).
Equation (?) provides a continuous, rational-valued solution to Hilbert’s
17th problem, because
• all the coefficients (the pj (c) and the X-coefficients of the qj (c, X)
and k(c, X)) appearing in equation (?) are continuous, rational-valued
functions of c; more precisely, they are Q-semipolynomials
0
in c; and
• every summand in (?)
2

qj (c, X)
pj (c)
k(c, X)
is a function which is rational in X, and which can be continuously and
semialgebraically extended to the closed semialgebraic set IF n,d × Rn .
Proof:
The only statement not yet proved is the last: the semialgebraicity of the
extension of pj (qj /k)2 is obvious. To see its continuity, we use an argument
of Kreisel [Kre3 ] (with parameters c): note that k = f 2r + h (with h
nonnegative over IF n,d × Rn ), which can vanish at some point (c; x) ∈
IF n,d × Rn only if f vanishes there, forcing each pj (qj /k)2 to tend to 0 near
(c; x), by (?). The fact that this pointwise continuity is actually locally
uniform follows from the corresponding property of f ; we leave the ’s and
δ’s to the reader (see [GV-L] for details).
III. Rational and continuous solution to other cases of the classical
Real Positivstellensatz.
The solution for Hilbert’s 17th problem can be seen as a particular case of
the Real Positivstellensatz, and for this case we have just proved, in the
previous section, the existence of a solution depending on the parameters of
the problem in a semipolynomial way. So what we shall do in this section
is to generalize this result to other cases.
Let IH (c, X) be a system of generalized sign conditions on polynomials in K[c, X] where the Xi ’s are considered as variables and the cj ’s as
parameters. We denote by SIH the semialgebraic set defined by
SIH = {c : ∀x ∈ Rn

IH(c, x) is incompatible}.

If SIH is locally closed (i.e., intersection of a closed and an open semialgebraic set), then, applying the Finiteness Theorem (see [BCR] or elsewhere) and the strategy followed in §II when dealing with the set IF n,d , it
is possible to construct two K-semipolynomials H1 (c) and H2 (c) satisfying
h
i
c ∈ SIH ⇐⇒ H1 (c) ≥ 0, H2 (c) > 0 ⇐⇒
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⇐⇒ ∀x ∈ Rn

IH(c, x) is incompatible.

We have obtained the incompatible system of sign conditions
h
i
H1 (c) ≥ 0, H2 (c) > 0, IH (c, X) ,
but with H1 (c) and H2 (c) K-semipolynomials. Now we proceed in the
same way as in §II: we consider new variables z1 , z1,i (i ∈ {1, . . . , k1 }),
z2 and z2,i (i ∈ {1, . . . , k2 }), which are used to construct a system of
polynomial sign conditions IK(c) translating the definition of H1 (c) and
H2 (c) as semipolynomials.
As the incompatible system of generalized sign conditions
{IK(c), z1 ≥ 0, z2 > 0, IH (c, X)}
involves only polynomials, we can apply the Positivstellensatz (theorem
II.2), obtaining an algebraic identity making this incompatibility evident.
Finally, we replace in the algebraic identity obtained the variables z1 ,
z1,i (i ∈ {1, . . . , k1 }), z2 and z2,i (i ∈ {1, . . . , k2 }) by the K-semipolynomials they are representing. So we have obtained an algebraic identity concerning polynomials in the variables X with coefficients K-semipolynomials
in c.
The next theorem summarizes the results obtained in this section and
provides a rational and continuous solution for some cases of the Real Positivstellensatz.
Theorem III.1. Let IH(c, X) be a system of generalized sign conditions
on polynomials in K[c, X], where the Xi ’s are considered as variables and
the cj ’s as parameters. If SIH is the semialgebraic set defined by
c ∈ SIH ⇐⇒ ∀x ∈ Rn

IH(c, x) is incompatible,

and if SIH is locally closed, then (Finiteness Theorem) there exist Ksemipolynomials H1 (c) and H2 (c) such that
h
i
c ∈ SIH ⇐⇒ H1 (c) ≥ 0, H2 (c) > 0 .
If c ∈ SIH , then the incompatibility of IH(X) := IH (c, X) inside Rn is made
obvious by a strong incompatibility of fixed type (independent of c) and
with coefficients given by K-semipolynomials in c. Moreover,
• the algebraic identity obtained, seen as a polynomial in X, has an
especially simple structure. More precisely, every X-coefficient of this
identity is a K-semipolynomial in c identically 0 (without assuming
H1 (c) ≥ 0 and H2 (c) > 0), and
• every coefficient p(c) in the algebraic identity which must be nonnegative (resp. positive) is given by a K-semipolynomial showing such
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character in an especially clear way under the hypothesis H1 (c) ≥ 0
and H2 (c) > 0.
In the same way that our rational and continuous solution for Hilbert’s
17th problem (§II) improves the first author’s result [Del3 ], (III.1) improves
Scowcroft’s results [Sco2 ] in four respects:
a-. for us, the semialgebraic set SIH need not be closed (Scowcroft knew
this, but chose to use hypotheses involving the logical form of the
implications implicit in IH, rather than topological hypotheses on SIH );
b-. the coefficients of our solution are continuous, rational-valued functions
(more precisely, K-semipolynomials) in the parameters c and not only
continuous semialgebraic as in [Sco2 ];
c-. the algebraic identity obtained, seen as a polynomial in X, has an
especially simple structure: its coefficents are K-semipolynomials in c
identically 0 (without assuming H1 (c) ≥ 0 and H2 (c) > 0); and
d-. the nonnegativity or positivity of those coefficients in the solution
which must satisfy such conditions, is clearly evident under the hypothesis H1 (c) ≥ 0 and H2 (c) > 0.
Finally, we note a strong converse of (III.1): the hypothesis that SIH
be locally closed is also necessary for the existence of a semipolynomially
(or even continuously) varying Positivstellensatz; the proof is in [Del8 ].
IV. Conclusion: the constructive content of the results.
In constructive mathematics (see [BB] and [MRR]), the theorems presented
in §§II and III are valid when the parameters c take values in an ordered
discrete field [LR], because in this setting we have a constructive proof of
the Positivstellensatz ([Lom1 ]).
An interpretation of the results admissible for everybody is the following one: all our proofs are effective, in particular without using the axiom
of choice and, more precisely, providing uniformly primitive recursive algorithms if the structure of the field of parameters is given by an oracle giving
the sign of every polynomial with integer coefficients on the parameters of
the problem.
The only thing remaining to be mentioned is the constructive content of
the results when dealing with the field IR of the real numbers in constructive
analysis [BB], i.e., the real numbers defined as—equivalence classes of—
Cauchy sequences of rational numbers. From an algorithmic point of view
this means that the real parameters c are given by oracles providing suitable
rational approximations (depending on the request made to the oracle) of
the real numbers involved, and that we are looking for a uniformly primitive
recursive algorithm. More details on this question can be found in [GV-L].
The answer to Hilbert’s 17th problem provided by theorem II.5 uses
polynomials and semipolynomials with coefficients in Q
0 that can be computed explicitly. The nonnegativity of the weights is clear from a constructive point of view when dealing with real numbers “à la Cauchy” under
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the hypothesis Hn,d (c) ≥ 0. This implies that, if the parameters c satisfy
the condition Hn,d (c) ≥ 0, then the polynomial fn,d (c, X) is everywhere
nonnegative. So, for the polynomial fn,d (c, X), Hilbert’s 17th problem is
solved in a continuous, rational-valued way with respect to its coefficients.
Moreover, since we can constructively prove (see [Lom2 ] or [GV-L]) the
converse
∀x ∈ IR n
fn,d (c, x) ≥ 0 =⇒ Hn,d (c) ≥ 0,
we can conclude that also this continuous, rational-valued solution for
Hilbert’s 17th problem is complete and constructive for the field IR .
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