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Abstract

This paper deals with the Peskine version of Zariski Main Theorem published
in 1965 and discusses some applications. It is written in the style of Bishop’s
constructive mathematics. Being constructive, each proof in this paper can be
interpreted as an algorithm for constructing explicitly the conclusion from the
hypothesis. The main non-constructive argument in the proof of Peskine is
the use of minimal prime ideals. Essentially we substitute this point by two
dynamical arguments; one about gecd’s, using subresultants, and another using
our notion of strong transcendence. In particular we obtain algorithmic versions
for the Multivariate Hensel Lemma and the structure theorem of quasi-finite
algebras.
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2 Revisiting Zariski Main Theorem

1 Introduction

The paper is written in the style of Bishop’s constructive mathematics, i.e. mathe-
matics with intuitionistic logic (see [4, 5, 14, 16]).

A partial realization of Hilbert’s program has recently proved successful in com-
mutative algebra, see e.g., [1, 6, 7, 8,9, 11, 14, 19] and [10] with references therein,
and this paper is a new piece of realization of this program.

We were mainly interested in an algorithm for the Multivariate Hensel Lemma
(MHL for short). Let us see what is the aim of the computation on a simple example.
We consider the local ring A = Qla, b]s, S =1+ (a,b)A. We take the equations

—a+ z + by + 2b2% = 0, —b+y+ax®+ary+by* =0

and we want to compute a solution of the system (&, () = 0 mod 9t in the henseliza-
tion of A. In other words, we have to find a Hensel equation f(U) € A[U] (i.e. f
monic, f(0) € (a,b) and f/(0) ¢ (a, b)) such that, when adding the Hensel zero u of
f to A we are able to compute § and ¢ € Afu]i1(q,pu) Au-

Surprinsingly there is no direct proof of the result. Moreover elementary elimina-
tion techniques do not work on the above example. So we have to rely on the proof
of MHL via the so called Zariski Main Theorem (ZMT for short), as for example in
[15]. Note that there are many versions of ZMT (e.g. [13, 20]) and we are interested
in the ZMT a la Peskine as in [15].

We will give a solution of the above example in section 4.4.

This paper deals with the Peskine proof of ZMT published in 1965 [17] and
discusses some applications. Peskine statement is purely algebraic avoiding any hy-
pothesis of noetherianity. The argument we give for Theorem 1.3 follows rather
closely Peskine’s proof. The main non-constructive argument in the proof of Pesk-
ine is the use of minimal prime ideals. Note that the existence of minimal prime
ideals in commutative rings is known to be equivalent to Choice Axiom. Essentially
we substitute this point by two dynamical arguments; one about gecd’s, using sub-
resultants, section 2.3, proof of Proposition 2.18, and another using our notion of
strong transcendence, section 2.2 (in classical mathematics: to be transcendent over
all residual fields).

In sections 4 and 5, we give a constructive treatment of two classical applications
of ZMT: the Multivariate Hensel Lemma, and structure theorem of quasi finite
algebras.

Being constructive, each proof in this paper can be interpreted as an algorithm
for constructing explicitly the conclusion from the hypothesis.

Theorem 1.1 (ZMT a la Peskine, particular case)

Let A be a ring, M a detachable maximal ideal of A and k = A/9. If B =
Alxy,...,xy) is an extension of A such that B/9MB is a finite k-algebra then there
exists s € 1 + 9B such that s, sx1, ..., st, are integral over A.

In [18] an equivalent formulation (Proposition 13.4) of Peskine version of the
Zariski Main Theorem can be written as the following lemma.

Proposition. Let (A,9M) be a residually discrete local ring and k = A/M. If
B = Alx1,...,xy] is an extension of A such that MB N A = M, A is integrally
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closed in B and B/MB has a nontrivial zero-dimensional component as a k-algebra,
then B = A.

The last hypothesis can be given in a concrete way: there exists an idempotent e
of B/MB such that (B/9MB)[1/e] is a nontrivial finite k-algebra. This means that
the residual variety has at least one isolated point.

The following corollary of Theorem 1.1 is a weakened form of the previous propo-
sition.

Corollary 1.2 Let (A,9M) be a residually discrete local ring and k = A/9. If
B = Alxy,...,zy,] is an extension of A such that MB N A = M, A is integrally
closed in B and B/MB is a finite k-algebra then B = A.

Proof. By Theorem 1.1 we find s € A such that s € 1 + 9B and sx1,...,st, € A.
We have then s — 1 € ANINB = M and hence s is invertible in A. Hence x1, ..., x,
are in A and B = A. N

Remark. The hypothesis that A is integrally closed in B is necessary, even if we
weaken the conclusion to “B is finite over A”. Let A be a DVR with 9t = pA, the
ring B = A x A[1/p] is finitely generated over A, MB = ((p,1)) and B/IMMB = A/,
but B is not finite over A. If A’ is the integral closure of A in B, we cannot apply
Corollary 1.2 with (A", 9 A’) replacing (A, 9) because MA’ is not a maximal ideal
of A" (in fact A’ ~ A x A).

In fact we shall prove a slightly more general version of Theorem 1.1, without
assuming 91 to be a detachable maximal ideal.

Theorem 1.3 (ZMT a la Peskine, variant)

Let A be a ring with an ideal J and B = Alx1,...,xy,] be an extension of A such
that B/JB is a finite A/J-algebra, then there exists s € 1 + JB such that s, sz,
..., 8z, are integral over A.

Remark. In fact, the hypothesis that the morphism A — B is injective is not
necessary: it is always possible to replace A and J by their images in B, and the
conclusion remains the same.

Corollary 1.4 Let A be a ring with an ideal J and B = Alxy, ..., x,] be an exten-
sion of A such that B/JB is a finite A/J-algebra, then there exists a finite extension
C of A inside B and s € C N1+ 3B such that C[1/s] = B[1/s].

Proof. Take C = Als, sz1,...,STy]. O

We shall also give a proof of the following “global form” of Zariski Main Theorem.

Theorem 5.3 (ZMT a la Raynaud, [15])

Let A C B = Alxy,...,x,] be rings such that the inclusion morphism A — B is zero
dimensional (in other words, B is quasi-finite over A). Let C' be the integral closure
of A in B. Then there exist elements si,...,Sm in C, comaximal in B, such that
all s;zj € C.

In particular for each i, C[1/s;] = B[1/s;]. Moreover letting C' = A[(s;), (sixj)],
which is finite over A, we get also C'[1/s;] = B[1/s;] for each i.
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We give now the plan of the paper.

In section 2 we give some preliminary results and the proof of a Peskine “crucial
lemma”.

In section 3 we give the constructive proof for Theorem 1.3.

In section 4 we give a constructive proof for the Multivariate Hensel Lemma
(Theorem 4.4). A usual variant is the following corollary.

Corollary 4.5 Let (A,m) be a Henselian local ring. Assume that a polynomial
system (f1,..., fn) in A[X1,..., Xy] has residually a simple zero at (0,...,0). Then
the system has a (unique) solution in A™ with coordinates in m.

Section 5 is devoted to structure theorem of quasi-finite algebras: we give a proof
of Theorem 5.3, moreover Proposition 5.2 explains the constructive content of the
hypothesis in Theorem 5.3.

Acknowledgements. First and third authors are partially supported by Spanish
GR MTM2011-22435. Third author thanks the Computer Science and Engineer-
ing Department at University of Gothenburg for several invitations. This article
has been discussed in the course of a researching stay of the first author at the
Department of Mathematics of the University of Franche-Comté. She thanks the
Department for its kind invitation.

2 Peskine crucial lemma

In this section we give a constructive proof of a crucial lemma in the proof of Peskine.
This is Proposition 2.18 in the following.

2.1 Basic tools for computing integral elements

Let R C S be rings and let J be an ideal of R. We say that ¢t € S is integral over J
if and only if it satisfies a relation t" + a1t" ' + --- + a, = 0 with a1,...,a, in J.
The integral closure of J in S is the ideal of elements of S that are integral over J.

Lemma 2.1 (Lying Over, concrete form)

1. If S is integral over R then the integral closure of J in S is vJS.
As a consequence VIS N R = /7.

2. If S is integral over R and 1 € (by,...,by,)S then1 € (by,...,by)R[b1,..., bn)].

Proof. 1. See [2] Lemma 5.14.

2. Use item 1 with R = R[by,...,by) and T = (b1,...,by)R[b1,. .., bm]. O
Algorithm: Let x be in vJS5: 2" = Z£:1 arSk, with ap, € J and s € S. Let 1 =
S1,...,8m be generators of Ry = R][s1,...,s,| as an R-module. The multiplication
by =™ in R; is expressed on s1,..., Sy, by a matrix My~ with coefficients in J. The

characteristic polynomial of M» is P(T) = T™ + ZZ:ol b TF with by’s € 7, and
P(z™) = P(Myn)(1,0,...,0) =0.
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Definition 2.2 We denote cx(g) (or c¢(g)) the ideal of R generated by the coeffi-
cients of g € R[X] (cx(g) is called the X-content ideal of g in R).

Lemma 2.3 (Kronecker)
Let Z C R where Z is the subring generated by 1.

1. (simple form) If f(X) = X¥+a; Xk~ 14 . 4-qy, divides X" +by X" 14 -+ b,
in R[X] then ai,...,ay are integral over by, ..., b, (more precisely they are
integral over the ideal generated by by, ...,by in Z[by,...,by,]).

2. (general form) If fg = h = 37", ¢j X7 in R[X], a a coefficient of f and b
a coefficient of g then ab is integral over the ideal generated by cg,...,c, in
Zlcoy ..., Cn).

3. (Gauss-Joyal) If fg=h =31, ¢; X7 in R[X] then c(f)c(g) C \/c(h).

Proof. 1. Considering the splitting algebra of f over R, we can assume X +
X+ tap = (X —t1)...(X —tg). We have then t1,...,t; integral
over by,...,b, and hence also ai,...,a since they are (symmetric) polynomials
in tl,...,tk.

2. This is deduced from I by homogeneization arguments.

3. This is an immediate consequence of 2. O

Lemma 2.4 If R C S and t € S satisfies an equation a,t"™ + --- + ag = 0 with
ag, - --,an € R then a,t is integral over R.

Lemma 2.5 (see [12]) Let R C S and x € S satisfies an equation P(z) = an,z™ +
-+« 4+ ag =0 with ag, ...,a, € R. We take

Up = Qpy Up—1 = UpT + Ap—1, -« . , ug =u1x +ag=0
We get the following results.

1. up,...,up and upz, ..., upx are integral over R and (uy, ..., un) = (ag,...,an)
as ideals of R|x].

2. Let J be an ideal of R s.t. 1 € (ag,...,a,)R[x] mod JR[z] and = mod J is
integral over R/J then there exists w € 1+ R[z] s.t. w and wx are integral
over RR.

Proof. 1. Lemma 2.4 shows that a,r = wu,x is integral over R. It follows that
Up—1 = UpT + an—1 is integral over R. We have then

Un12" Pt ap o™ 24 +ay=0

so that, again by Lemma 2.4, u, 1 is integral over R[u,—1] and so over R. In this
way, we get that u,, upx, Up_1, Un_1T, ..., urz, ug = 0 are all integral over R.

2. Let R’ be the image of R[u] = R[ug,...,uy] in R[z]/IJR[z]. So R’ C R[z]|/IR|[z]
with R[z]/JR[z] integral over R'. Ttem I. shows that 1 € (ug,...,u,) mod JR[z].
Lying Over item 2 gives 1 = > 7' ju;gi(u) mod JR[z] with g;(u)’s € R[u]. Let
w= ", uigi(u), then w and wx are clearly integral over R. |
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Lemma 2.6

1. Ift is integral over R[z| and p(x) is a monic polynomial in R[x| such that tp(zx)
is in R[z] then there exists q in R[x] such that t — q is integral over R.

2. If t is integral over R[z] and p(x) = apz® 4 --- + ag is a polynomial in R[z]
such that tp(x) is in R[x] then there exists q in R[x] and m such that a}'t —q
is integral over R.

Proof. 1. We write tp = r(x) in R[z]. We do the Euclidian division of 7(X) by p(X)
and get r = pg + r1. We can then write (¢t — q)p = r;. This shows that we have
p=(t—q)"'ry in R[(t—q)"!][x] and hence that x is integral over R[(t—q)~!]. Since
t — q is integral over R[x] we get that ¢ — ¢ is integral over R[(t — q)~!] and hence
over R.

2. We have an equation for t of the form " + py(2)t" ! + .- + p,(x) = 0. Let ¢
be the greatest exponent of x in this expression. By multiplying by a‘ we get an
equality of the form

a't" 4 qi(ax)t" 4 -+ gulaz) = 0

and hence, by Lemma 2.4, at is integral over R[az]. Sowe we have ¢ such that a‘t
is integral over R[az] for all a € R.

We write tp(z) = r(z) and by multiplying by a suitable power of a; we get an
tay*P(agx) € Rlagzr] with m > ¢ and P monic. We can then apply item 1. O

Corollary 2.7 If t is integral over R[z] and R is integrally closed in R[z,t] and
t(agx® + -+ + ag) € R[x] then there exists m such that a't € R|z].

Next lemma is a kind of glueing of integral extensions.

Lemma 2.8 Let R C S and z,t,y,s € S. If t,ty are integral over R[x] and s, sz
integral over R then for N big enough and w = sVt the elements w,wz,wy are
integral over R.

Proof. We write t*+ay(x)tF 14+ - 4ay(z) = 0 and t'y* +by ()t 1y =14 4by = 0.
Let 2% be the highest power of x that appears in these expressions. We have that
s% and s%ty are integral over s, sz and so over R, and we take N = d + 1. O

2.2 Strong transcendence

Let D be a C-algebra and « € D. We say that x is strongly transcendent over C
in D if for all uw € D and cg,...,cx € C such that u(co + -+ + ckxk) = 0, we have
ucy = -+ - = ucg, = 0 (each time it is needed, ¢; stands for the image of ¢; in D).
Note that the definition strongly depends on C' and D. Moreover from an
equality co + - - - + cxz® = 0 in D we deduce only that ¢g =--- =¢; =0 in D.
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Lemma 2.9

1. If D is a C-algebra, x strongly transcendent over C' in D and V a monoid of
D, then x is strongly transcendent over C in Dy .

2. If D is a C-algebra and x is strongly transcendent over C' in D and a € C,
then x is strongly transcendent over C[1/a] in D[1/a).

Lemma 2.10 Ifu,z € D, D a reduced C-algebra, x strongly transcendent over C
in D and u,ux are integral over C' then u = 0.

Proof. We have Q(uz) = (uz)’ +c1(uz)t + -+ ¢, =0 and P(u) = u™ + agu™ +
-+« 4 apy = 0 for some cy,...,¢p,a1,...,a, in C. So Resy(P(U),Q(Ux)) = V(x)
is a polynomial with constant coefficient ¢j* and leading coefficient +af,. Since
V(z) =0, x is transcendent over C in D, and D is reduced, it follows that we have
¢ = ay =01in D. We get in D

(ux)Q1(uz) =0 with Q1(T) = (Q(T) — c¢)/T.

Now we consider the reduced ring D; = D[1/(uz)]. In this ring x is strongly
transcendent over C'. We have in D,

Q1(ux) =0 with Q1(0) = ¢,y and P(u)=0.

So ¢g_1 = 0 in D;. Similarly we deduce ¢y_9 =---=¢1 =01in D1. So uz =0 in D;
and finally uz =u =0 in D. O

Lemma 2.11 If D is a reduced C-algebra and x is strongly transcendent over C' in
D and C; C D and C; is integral over C then x is strongly transcendent over Cy in
D.

Proof. Assume an equality u(coz® +---+c;) = 0 with u € D and ¢;’s in C;. Passing
to D' = D[1/u] we get coz® +---+c;, = 0 with ¢;’s integral over C. So cox is integral
over C1, and thus over C too. So ¢y and cox are integral over C. By Lemma 2.10
co=0in D', so cou = 0 in D. We finish by induction on k. O

2.3 Crucial lemma

Context 2.12 We fix now the following context, which comes from Corollary 2.7:
t integral over R[z| of degree n and R integrally closed in S = R[z,t]. We define
J = (Rz]: 9).

Lemma 2.13 (Context 2.12)
Ifu € S we have u € J if and only if u,ut, ..., ut"~! € R[x].

Proof. This is clear since all elements of S can be written g, 1(2)t"~ ! + ... +
qo(x). O

Lemma 2.14 (Context 2.12)
Ifu € S and ay,...,ar € R and u(ag + -+ + akxk) € J, then there exists m such
that uaj* € J.
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Proof. We have by Lemma 2.13
(ap+ - - + apz®)u, (ap+ -+ akxk)ut, oo (ag o+ akxk)utnfl € R[z].

All elements ut/ are integral over R[z] and R is integrally closed in R[z,ut’]. Hence
by Corollary 2.7 we find m such that af'ut’ € Alz]. O

‘We consider now the radical vJS of J in S.

Corollary 2.15 (Context 2.12)
Ifu € S and ag,...,ar € R and u(ap+- - -+akxk) €V JS, then uayg, ...,uay € vJS.

Proof. We have ¢ such that u‘(ag + - - + axz*)* € J. By Lemma 2.14 we have m
such that u(a})™ € J and hence uay, € V/JS. It follows that uaxz* € v/JS and so
u(ag + - -+ + ag_12%71) € v/ JS and we get successively uay_1,...,uap € VJS. O

Summing up previous results in Context 2.12 and using the notion of strong
transcendence.

Proposition 2.16 Assume S = Rz, t| with t integral over R[x] and R is integrally
closed in S. We take J = (R[x] : S). If we take D = S/v/JS and C = R/RN/JS,
then D = C|x,t] is a reduced ring with a subring C' such that t is integral over C|x]
and x is strongly transcendent over C' in D.

Proof. Clear. The last assertion comes from Corollary 2.15. O

Proposition 2.17 Assume that D = C|z,t] is a reduced ring with a subring C
such that t is integral over C[z]| and x is strongly transcendent over C' in D. Let J

be an ideal of C such that tx € vVJD. Thent € vVJD.
Equivalently, if Dy is the localization of D at the monoid U =t + 3D, then Dy is
a trivial ring.

The proof is given after the crucial lemma.

Proposition 2.18 (crucial lemma)
If S = Rz, t] and R is integrally closed in S and t is integral over R[x] and J ideal
of R such that tx € V35S then t € V35S mod. VJS where J = (R[z] : S).

Proof. This follows from Propositions 2.16 and 2.17. O

Here begins the proof of Proposition 2.17.
Since t is integral over C' we get a T-monic polynomial P(x,T') in C[z][T] s.t.
P(x,t) =0. As tx € VID by Lying Over we get a polynomial

QUX,T) = X"T" 4y (X)X" 1T - (X) with € pus(X) € ICLX]
s.t. Q(z,t) = 0. We need now to prove Lemma 2.19.
Lemma 2.19 Assume C; C Dy, that z is transcendent over C and that G(z,T) =

TF + by (z)TF! 4 - + by(x) divides Q(z,T), with by(x),...,b(z) € C1]x] and
G(x,t) = 0. Then Dy is a trivial ring.
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Proof. Since x is transcendent over C; we have that G(X,T) = T* + b1 (X)T*1 +
-4 by(X) divides Q(X, T). By taking T = X we see that XV by (X)X N¢k-1) 4
4 bp(X) divides X XN 4 (X)X XNE=D ooy (X). If N s big enough
we can apply Lemma 2.3 and conclude that all coefficients of by (X),...,bx(X) are
integral over J. Since G(z,t) = tF 4+ by(z)t* "1 4+ .-+ + by(x) = 0 it follows that ¢ is
integral over JC|x], and so Dy is a trivial ring. O

We consider the ring Dy, we compute the subresultants of P(z,T) and Q(z,T) in
C[z][T] and we show that they are all 0 in Dy, i.e. P(z,T) has to divide Q(z,T') in
Dy|[T).

The conclusion follows then from Lemma 2.19 with Cy the image of C' in Dy and
G=P.

We use results about subresultants given in Lemma 2.20 (for the general theory
of subresultants, see [3, Chapter 4]) We consider one such subresultant sq(z)T* +
c1(2)T 1 + -+ ¢o(x) assuming that all previous subresultants have been shown to
be 0. We can assume so(x) to be invertible, replacing Dy by Dy[1/so]. We let a be
the leading coefficient of so(x) and we show a = 0. We write b;(x) = ¢;(x)/so(x).
Since T + by (2)T"! + - - + by(x) divides P(x,T) we have that by(z),...,bs(z) are
integral over C|[z] by Lemma 2.3. By Lemma 2.6, bi(z),...,bs(x) are in C1[1/a][z]
with C integral over C. By Corollary 2.11 and Lemmas 2.19 and 2.9, we have 1 =0
in Dy[1/a] and hence a =0 in Dy.

Here the proof of Proposition 2.17 is finished.

Lemma 2.20 Let A be a reduced ring, f € A[X] a monic polynomial of degree
d, g € A[X] and 6 a bound for the degree of g. Let j < d a nonnegative integer.
The subresultant of f and g in degree j, denoted Sres; x q5(f,g) = Sr;(X) is a well
defined polynomial of degree < j: it does not depend on §. We let Srq = f. Let us
denote s; the coefficient of X7 in Sr;(X). Then we have:

1. Srj(X) belongs to the ideal (f,g) of A[X] (0 < j <d).

2. Let £ >0,/¢<d. If s =0 for k < £ and sy is invertible, then:
- Sr(X) =0 for k < £.
— Sre(X) divides f(X) and g(X) in A[X].
Proof. 1. This is a classical result.

2. Since the results are well known when A is a field, the lemma follows by using
the formal Nullstellensatz. 0

3 Proof of ZMT

It is more convenient for a proof “by induction on n” to use the following version
3.1.

Theorem 3.1 (ZMT a la Peskine, general form, variant)

Let A be a ring with an ideal J and B be a finite extension of A[z1,. .., x,] such that
B/3B is a finite A/J-algebra, then there exists s € 1 + JB such that s, sx1,...,ST,
are integral over A.
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Here, the precise hypothesis is A C A[zy,...,z,] € B, with B finite over
Alxi,...,xy). Clearly Theorems 1.3 and 3.1 are equivalent.

Case n =1

Proposition 3.2 Let A be a ring with an ideal J and B be a finite extension of
Alx] such that B/JB is a finite A/J-algebra, then there exists s € 1+ 3B such that
s, sx are integral over A.

Proof. Let f(X) € A[X] amonic polynomial s.t. f(z) € JB. By Lying Over f(z)™ €
JA[z]. This provides P(X) = >.,_,a;X* € A[X] such that P(z) = 0 and 1 €
(ag,...,an) mod JA[z]. Apply Lemma 2.5, item 2 with R = A. O

The induction step

Proposition 3.3 Let A be a ring with an ideal J, B an extension of A with x in
B such that B is integral over Alz] and t in B such that xt is in \/3B. There
exist by, ..., b, such that (by,...,b,) meets t" + 3B and by, ..., by, bozx, ..., byx are
integral over A.

Proof. By Lying Over zt € \/JA[x,t] and we can assume as well that B = A[z, t].
We apply Proposition 2.18 with R the integral closure of A in B, S = R[z,t] = B,
J = (R[z] : S). We get an a € J C Rz] with a = t™ +y, y € 3S. We have
at = t"*t 4yt € R[x]. Since tx € V/3S, atz € R[z] N V/JIS and by Lying Over
Je € N, (at)ex® =Y, pa’ with p;’s in JR.

We write at = p(z) with p(X) € R[X], ¢(X) = p(X)°X¢ — >, g’ written as
Zf:o a; X" in R[z][X] and Q(X) = p(X)°X°® — Y, X" € R[X]. We have Q(z) =
g(z) =0 and cx(p°) = cx(q) = cx(Q) mod JR[x].

Let R' = R[z]/JR[z]. In R’ we have at = p(x) € cx(p) and v/cx(p) = /cx(Q) by
Gauss-Joyal. Remark that ™! = at — yt implies that ¢t € \/cx(p) + JS.

If n is a bound for the degree of @, by Lemma 2.5 we get by, ..., b, € R[z] integral
over R s.t. boz, ..., by,x avec integral over R and (b, ...,b,) = cx(Q).

Finally we get t € \/cx(p) + 35S = /{(bo,...,bn) + IS O

Corollary 3.4 Let A be a ring with an ideal J, B an extension of A with x in B
such that B is integral over Alz], p(X) € A[X] a monic polynomial and t in B such
that p(z)t is in \/IB. There exist by, ...,b, such that (by,...,b,) meets tY + IB
and by, ...,by, box,...,byx are integral over A.

Proof. Let y = p(x), then z is integral over Aly|. Applying Proposition 3.3
with y instead of x, we get by, ...,b, such that (bg,...,b,) meets t" 4+ IB and

bo,...,bn,boy, ..., b,y are integral over A. We say that this implies b;x’s are in-
tegral over A. If the integral dependance of bjy over A is given by a polynomial
(m—1)d

of degree d and p is of degree m, multiplying the equation by b; , one gets an

integral dependance equation of b;xz over A[b;]. O

Now we can prove Theorem 3.1.
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Proof. We give the proof for n = 2, x1 = x and xo = y.

The induction from n — 1 to n follows the same lines as the induction from 1 to 2.
First we apply Proposition 3.2 with A’ = A[x] instead of A, y replacing . We get
s € 14+ JB with s and sy integral over A’.

Let p(X) € A[X] be a monic polynomial such that p(x) € IJB. By Lying Over p(z)
is integral over JA[z,y]. We take t = s for N big enough such that ¢p(x) is integral
over JA[z, s, sy]. By Lying Over again tp(x) is in \/JA[z, s].

We apply Corollary 3.4 with A, z, t, replacing B by Alz,s]. We get by,...,b, €
Alz, s] such that (bg,...,b,)A[z,s] meets tN + JA[x,s] and bg,..., by, boz, ..., b,z
are integral over A. Since t € 14+ 3B, 1 € (by,...,b,)B/IB. As B/JB is finite
over A/J, by Lying Over item 2 we have that 1 = """ b;g;(b) mod JB for some
polynomials g; with coefficients in A. Let w = ;" ;b;g;(b). Clearly w and wz are
integral over A. Applying lemma 2.8 with R = A, S = B gives u = w™s such that
u, ur and uy integral over A, and we see that w € 1 + JB. O

4 Henselian local rings
Remark. Section 5 is independant of section 4.

4.1 Simple zeroes in commutative rings

We consider an arbitrary commutative ring k, 3 = Rad(k) its Jacobson radical (so
1+ 73 Ck*) and a polynomial system

fl(Xla'--aXn):"':fn(Xlw--an):O (*)
which has a simple zero at (a1, ...,a,) = (a) € k. This means
fila)=---=fala) =0 and Js(a) € k™,

where J¢(X) is the Jacobian of the system, i.e. the determinant of the Jacobian
matrix Jaci(i) = (6fj/8Xi)1§iyj§n.

Then this zero is unique modulo J = Rad(k) and can be isolated in a pure
algebraic way as shown by the next lemma.

Lemma 4.1 Let us consider the above polynomial system (x).
Let L = k[Xq1,.... X0]/{f1,. s fn) = klx1,...,2p], S =14+ (1 —a1,..., 20 — ay)
and Lg the corresponding “local algebra”.

1. For i = 1,...,n, z; = a; in Lg, the natural morphism k — Lg is an
isomorphism. Identifying k with its images in L and Lg, we have L =
k@ {(xy—a,...,xn —ap)L and Lg =k = L/{x1 —ay,..., Ty — an).

2. There exists an idempotent e in S such that ex; = a; (i = 1,...,n) and
Ls = L[1/e].

3. (a) is the unique zero of (%) equal to (a) modulo J.

Proof. Making a translation we can replace (a1, ..., an) by (0,...,0). The evaluation
g — ¢g(0) defined on k[X] gives morphisms L — k and Lg — k, which we shall note
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again g — ¢(0). By composing k — Lg — k or k — L — k we get the identity map.
SoL=k& (z1,...,zn)L.

1 and 2. After a linear change of variables using Jac(0)™" we can assume that
Jac(0) = L, and we write fi(X) = X; — ¢;(X) with ¢;(X) € (X1,...,X,)% Soin L
we have a matrix M = M(z) € M,,((z1, ..., z,)) satisfying

1

TIn In

Writing e(z) = det(I,, — M) we get e € 1 + (x1,...,2,) = S and ex; = 0, which
implies eg = eg(0) for all g € L. In particular > = e and eh = e for h € S, so
Ls = L[1/e]. Also z; =01in Lg and g = ¢g(0) for all g € Lg.

3. Let (y1,...,yn) be a zero with coordinates in J. So we have a k-morphism

L—k g—9Uyi,- - Yn)

We can view it as a specialization x; — y;. Item 2 gives e(zy,...,z,) € 1 +
(x1,...,2,) with ex; = 0. Specialising x; to y; we obtain e(y1,...,yn)y; = 0 with
e, yn) €1+ (y1,...,yn) C1+T CE*. d

Remark. Viewing L as the ring of polynomial functions on the variety defined by
the polynomial system (%), the idempotent e defines a clopen Zariski subset, it gives
two ways of isolating the zero (a), either by considering the closed subset defined
by e = 1 or by considering the open subset defined by making e invertible (the two
subsets are identical). Moreover point 3 gives a third way of understanding the fact
that the zero is isolated: it is the unique zero in the “infinitesimal neighborhood of

(a)”.

Approximate simple zeroes and Newton process

Here A is a commutative ring with an ideal J and we consider a polynomial system
with coefficients in A

fl(Xlw-an):"':fn(le---an):O (*)

Theorem 4.2 (Newton process, see e.g. [14, Section I11-10])

Let (a) = (a1,...,a,) € A™ be an approximate simple zero of (x) modulo J: it gives
a zero of (x) in A/J and the Jacobian Jr(a) of the system is invertible in A/J. So
the Jacobian matrix Jacy(a) is invertible modulo J; let U(a) € M, (A) be such an
inverse modulo J. Compute

b a1 fi(a)
=10 U :
bn an fn(a)
Then (by,...,b,) is a zero of (x) modulo 3% and Jac(b) is invertible modulo J3%: one

can take U(b) = U(a) (21, — Jac(b)U(a)).
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Let J be the Jacobson radical of the ideal J, i.e. the ideal of elements z such
that each y € 1 4+ zA is invertible modulo J. Then Lemma 4.1 3 tells us that (a) is
the unique zero modulo J of (%) equal to (a) modulo J. Since J is also the Jacobson
radical of 32, (b) is the unique zero modulo J? of (x) which is equal to (b) modulo
J. A fortiori (b) is the unique zero modulo J? of () which is equal to (a) modulo J.

Remark. Newton process is used for constructing a zero of an Hensel system (see
Context 4.3) when the Henselian local ring is a ring of formal power series. Neverthe-
less, this does not prove that the coordinates of the zero are inside the Henselization
of the ring generated by the coefficients of the Hensel system. So the MHL can
be seen an improved version of Newton process for the existence of the zero. On
the other hand, Newton process is used in the proof of MHL (see the proof of
Lemma 4.9).

4.2 Simple residual zeroes, Henselian rings
We fix the following context for sections 4.2 and 4.3.

Context 4.3 Let A be a local ring with detachable maximal ideal 0, and k = A/9M
its residual field (it is a discrete field). We consider a polynomial system

fl(Xl,,Xn)::fn(Xl,,Xn):O (*)

which has a residually simple zero at (0,...,0): we have f;(0,...,0) = 0 residually
and the Jacobian of this system J¢(0,...,0) is in A*. In this case we will say that
we have a Hensel system. ;

First we remark that if (C,9¢) is a local A-algebra such that the system (x) has
a solution (yi,...,yn) with the y;’s in M, then this solution is unique by Lemma
4.1 3.

To this polynomial system we associate

the quotient ring B=A[Xy,..., Xn]/{f1,- -, [n) = Alx1,..., 2]
a maximal ideal of B Mp =M+ (z1,...,2,)B (Mp 2 MB)
and the local ring Bty (usually denoted as Boy,).

The ideal Mp is maximal because it is the kernel of the morphism B — k sending
g(z) to g(0). This shows also that B/Mp = A/M and hence the natural morphism
A — B is injective. So we can identify A with its image in B and we have B =
A @ (x1,...,z,)B. Nevertheless it is not at all evident that the morphism from A
to Biionp is injective (this fact will be proved in Corollary 4.6), so if we speak of
A C Biyop before the proof of Corollary 4.6 is complete, it is an abus de langage
and it is needed to replace A by its image in By onp.

It can be easily seen that the natural morphism ¢ : A — Bj o, satisfies the
following universal property:
@ is a local morphism (i.e., p(x) € (Biyony)™ implies x € A*) and for every local
morphism ¢ : A — C such that (y1,...,y,) is a solution of (x) with the y;’s in
the maximal ideal of C| there exists a unique local morphism 6 : B — (' such that

0op=n1.

X



14 Revisiting Zariski Main Theorem

Since Bjyom,, satisfies this universal property w.r.t. the system (x) we introduce
the notation

Biiomg = Aqp

The following version of MHL is a kind of “primitive element theorem”.

Theorem 4.4 (Multivariate Hensel Lemma)

We consider a Hensel system as in Context 4.3 and we use preceeding notations.
Then the local ring Ayy, . t,1 = Bi+omy can also be described with only one polyno-
mial equation f(X) such that f(0) € 9 and f’(0) invertible. More precisely there
exist

—any € Mp,

— a monic polynomial f(X) € A[X] with f(y) =0 and f'(0) € 1+ 9 (thus f'(y) €
1+ f)ﬁB),

such that

— each xz; belongs to Alylyyomiyaly),

— the natural morphism Ay — Biyon, sending x to y is an isomorphism (z is X
viewed in Afy).

In short A[[fl ..... ] = A[[f]]

Before proving Theorem 4.4 we state some corollaries.

A local ring where each equation of the preceeding form (a monic polynomial
with a simple residual zero) has a solution residually 0 is said to be Henselian.

As immediate consequence of the MHL one has the following.

Corollary 4.5 Let (A,m) be a Henselian local ring. Assume that a polynomial
system (f1,..., fn) in A[X1,..., X,] has a residually simple zero at (0,...,0). Then
the system has a (unique) solution in A™ with coordinates in m.

Corollary 4.6 The morphism A — Apy, . ;. is faithfully flat. In particular it is
injective and the divisibility relation is faithfully extended from A to Ary, . r.1-

Proof. 1t is sufficient to prove the assertions for Ay with a monic polynomial f.
Since Ay is a localization of a free A-algebra, it is flat over A. As A[[fﬂ/fmA[[f]] =
A/90 the morphism A — A is local, hence faithfully flat. So for a,b € A, a divides
bin A iff a divides b in A[[fﬂ' 0

4.3 Proof of the Multivariate Hensel Lemma

We begin by a slight transformation or our polynomial system in order to being able
to get the hypotheses of ZMT for the ring associated to the new system.

Proposition 4.7 Let a polynomial system
AKXy Xn) = o = fa(Xp o, Xp) = 0 (%)

which has a residually simple zero at (0,...,0). We use preceeding notations for B
and Mp.
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One can find fp11(X1,..., X0, Xny1) € A[X4, ..., Xnt1] such that for the new sys-
tem

fl(Xla PN ,Xn) == fn(Xh e ,Xn) = fn—f—l(Xl; e 7Xn7Xn+1) =0 (**)

we have again f,+1(0,...,0) € 9, with Jacobian J'(0,...,0) invertible and if we
call

BI = A[(El, v 7$n7xn+1] = A[X17- . -7X7’L7Xn+1]/<f17 v 7fn+1>

then x1,...,Zn, Tpt1 € MB’ (this means MB’ = My ), and the natural morphism
Bsy, — Bl Is an isomorphism.
In short with the new system we have xi,...,Tpt1 € MA[z1,...,Tn41] and

ALty gl = ALfrr sl

Proof. Applying Lemma 4.1 to the residual system we get e(Xy,..., X, ) such that
in k[z1,...,7,] we have €2 = e, ex; = 0. So if we consider the localization
B[l/e] we get residually k[x1,...,x,,1/e] = k, more precisely e = 1 and x; = 0
in k[zi,...,2n,1/e]. In other words if we introduce a new variable T and the
equation Te(Xq,...,X,) = 1 we get a new polynomial system which has resid-
ually only one zero (0,...,0,1). In order to get a Hensel system we introduce
the variable X,,11 (= 1 — T) with the equation 1 — (1 — X,,11)e(X1,...,X,), and
(0,...,0) is the unique residual zero. Moreover if we call J'(z1,...,2y41) the Ja-
cobian of the new system in B’ then J'(z1,...,2n41) = J¢(z1,.. ., zn)e(z1, ..., 2p)
and J'(0,...,0) = J£(0,...,0) mod 9 is invertible. a

NB: Let us note that there is a little abuse of notations: we have e(z1,...,x,) = 1in
klx1,...,2p41] = B /9Mp but in general e(xq, ..., x,) # link[zq,...,z,] = B/Mp,
meaning that the morphism k[z1,...,z,] — k[x1,. .., Zp41] is not injective. It would
be necessary to change the names of the z;’s when changing the ring! O

In the following we assume w.l.o.g. that the system (k) satisfies x1,...,x, € MB.

Applying Theorem 1.3 to B = Alz1,...,2,], M C A and z1,...,2, € MB (so
B/MB = A/9M) we get an s € 1 +9MB such that s, sxq,. .., sz, are integral over A.
So s = S(x1,...,xy), where S € 1 + MA[X,...,X,]). We are going to prove the
following proposition, which clearly implies Theorem 4.4 if the given polynomial f
is monic.

Proposition 4.8 We can construct a polynomial h(T) € A[T] such that h(s) = 0,
h'(s) € 1+ 9MB (more precisely, h(T) = TN(T — 1) modulo IMA[T]), the z; are
expressed as rational fractions in s with denominator in 1 + 9 + (s — 1)A[s|, and
letting f(X) = h(1+ X), the natural morphism Ay — Biiomp = Ay, 1, sending
x to s — 1 is an isomorphism.

Proof. Let D = Als, sx1,...,szy] and therefore we have A C A[s] C D C B. We
call mg =1, mq, ..., my monomials in the (sz;)’s such that my, ..., m; generate D
as an A[s]-module and we can also assume that m; = sx; for i = 1,...,n. We have
D = A[s|+miD+---+myD.

Let 9Mp = MB N D and My, = MB N Als].
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Since my,...,my € Mp we have Mp = E)JTA[S} +m1D+---+myD.

As s—1 € My, and A[s] = A[s—1] = A+(s—1)A[s] we have M 41,) = M+(s—1) A[s].
Notice that for all v € B there exists an exponent r such that s"v € D. Moreover
if v € MB, there exists an exponent r such that s"v € 9D. In particular, since
mj € MB there exists an exponent 1 such that all s"om; € MD (j =1,...,¢).
We write this fact as

s"0m; = (Z; Nij(s)mi> + poj(s)

where 11;5(s) € MA[s] for all 4, j.
Let M (s) = (pij(s))1<i,j<e- We have then

my my po1(s)
SOl =M(s) | |+
my my tioe(s)

Let d(T) = det(T™ 1, — M(T)), multiplying by the adjoint matrix P(s) we get

mi fo1(s)
dis) | + | =P(s) : € My (MAs]).

my Loe(s)

Summing up. We have found a polynomial d(T") € A[T] such that:

i) d(T) = TN modulo MA[T] for some N, and so d(s)s" € 1 + My, for all
r >0,

ii) one has d(s)m; = v;(s) € MA[s], this implies d(s)Mp C M4,

iii) given an arbitrary v € 9B one has an exponent r such that s"d(s)v €
MA[s],
Let ¢ be an exponent such that s?d(s)(s — 1) € MMA[s| and let us define h(T") =
d(TYTYT — 1) — u(T) € A[T]. So h(s) = 0 and h(T) = TNT4(T — 1) modulo
OMA[T]. Notice that h'(1) € 1 + 9N, which implies that s is a root of h(T") which is
residually simple.

Now we finish the proof of Proposition 4.8 using the following general lemma. O

Lemma 4.9 Let h(T) € A[T] such that h(s) =0 and h/(1) € 1 + M.

Let us set f(X) = h(1+ X)), Alz] = A[X]/(f(X)), t = 1+, Ay = Alz]11miaal)-
Let 0 : Agyp — Biyams = Aff,,....f.] be the natural morphism sending = to s — 1 (and
t to s) given by the universal property of EVGE

Then @ is in fact an isomorphism.

Proof. In order to prove that 6 is an isomorphism, it is sufficient to find a zero

(21,...,2,) of the system (x) in Az with coordinates z; in the maximal, and such
that

— 0(z;) = z; for each 1,

— the natural morphism By onp — Ay sending (z1,...,25) to (21,. .., 2,) sends
s to t.

We have d(s)sz; = v;(s) where v;(T) € IMA[T]. We let q(T') = Td(T).
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We have ¢(T) € TNTHT — 1) + MA[T], t € 1 + MAp and q(t) € 1 + MAs. We
let

Zi = Vi(t)/q(t) S SﬁA[[f]]
and we get 0(z;) = v;(s)/q(s) = x; for each 1.
Let
= (f1i(z1y--y2n)y -y (215 -y 20))

as ideal of As. We get J C QﬁAyH
We are going to show that J 0J C T M, where M = MA[; + vApy is the
maximal ideal of Aps. This 1mphes = 0 by Nakayama’s Lemma. This will show
that (z1,...,2,) is a zero of () with coordinates in 9.

By Newton process we can construct a zero modulo 32, let us call it (y1,...,yn).
The system (x) has the zero (yi,...,yn) residually null in the local ring App/J°.
By the universal property of Ay, . . there is a morphism A : Agy, 7 — A[[f]]/j2
sending x; to y;.

We let y = S(y1,...,%n), 50 A(s) = y mod 32, h(y) = A(h(s)) mod 32, i.e. h(y) =
0 mod J2.

Since h(t) = 0, h'(t) € Ap™, t =y = 1 mod M’ we write

h(y) = h(t) + (t =) (W' (t) + (t = y)ha (t,9)),

we have h/(t) 4+ (t —y)hai(t,y) € Appp and we get t —y € 72,
We have 0 = A(q(s)x; — vi(s)) = q(y)yi — vi(y) in A[[f]]/J2 q(y)yi — q(t)y; € 3% and
vi(t) —vi(y) € 3%, s0 q(t)y; — vi(t) € 32, i.e. y; = z; mod J2. Finally

0= )‘(fl(xlv cee 73371)) = fi(ylu s 7yn) = fi(zlu s 7Zn) mod 32

This shows that 3 C 3%, so J = 0. Now, since (21,...,2,) is a zero of () residually
null in Apsp, by the universal property of Ay, . ;.1 we can see A as a morphism from
Affy,. fa] t0 Ay sending z; to y; = z;.

Finally, we show that A(s) = ¢. This follows from h(A(s)) = A(h(s)) = 0 and
s € 1+ 9MA[r1,..., 2] in B which implies A(s) € 1+ MA[y1,...,yn] S 1+ MAy
SO h’()\(s)) €1+ f)ﬁA[[f]]. ]

In order to get Theorem 4.4 from Proposition 4.8 we use the following lemma.

Lemma 4.10 (see [1, Lemma 5.3])

Let (A,9M) be a local ring, f(X) = ap, X"+ -+a1X +ag, witha; € A* and ag € M.
There exists a monic polynomial g(X) € A[X], g(X) = X" 4+ --- + 01 X + by, with
by € A* and by € M, such that the following equality holds in A(X) (the Nagata
localization of A[X]):

a0+ g(X) = (X +1)"f (}L‘ff) .

Moreover Apyy is isomorphic to Ay

Proof. We have

Xnf (M) —a- (X”—X"_1+a02?:2(— Yajap ay! X" ])
= aph(X)
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with

n
B(X) = X" = X"t ag (= 1)agad 2ar X = X0 - XL agl(X)
j=2

We let g(X) = h(X +1) = X"+ -+ b X + by. It is a monic polynomial, with
constant term by = g(0) = h(1) = apl(1) € M, and linear term by = ¢’(0) = h'(1) =
1+ aol'(1) € 1+ M. O

4.4 An example of Multivariate Hensel Lemma

In this section we analyse an example where A is the local ring Q[a, b]g, S being the
monoid of elements p(a, b) € Q|a, b] such that p(0,0) # 0. We take next B = Alx, y]
where z,y are defined by the equations

—a+ z + by + 2b2% = 0, —b+y+az®+ary+by* =0

We shall compute s € B integral over A such that sx, sy integral over B and s = 1
mod. MB.

Following the proof we apply Proposition 3.2 and we take t = 1 + ax + by.
We have that ¢t = 1 mod. 9B and t,ty integral over A[z]. We have even ty =
y + axy + by? = b — ax? in Afz]. The equation for ¢ is

t? — (1 4+ ax)t — b + az?

We have then
tr = x4 az® + bry = a + (a — 2b)z>.

Notice that we are now in the situation of the proof of Proposition 2.17 with
Q(X,T) = TX — (a+ (a — 2b)X?). Since @Q has degree 1 we get without extra
work and so

(t—(a—2b)x)xr=0a

If we take w =t — (a — 2b)z = 1 4 2bz + by we have w = 1 mod. MMB and wx in A
and w is integral over A. Indeed w is integral over A[l/w] since z is in A[l/w] and
w is integral over A[zx].

If we take u = tw? we have u,ux,uy integral over A. Indeed, wz is in A and
since t2 — (1 4+ ax)t — b + ax® = 0 we have tw and hence u integral over A. Since
ty = b — azx? we have uy = bw? — a(wx)? integral over A. Finally uz = (tw)(wz) is
integral over A.

It can be checked that u is a root of a monic polynomial f of degree 4 of the
form U3(U — 1) residually.

—ut+(1+4ab+a®+3b%)ud
+b (b +8ab* +7a?b® —adb? —4ba* +a® —6a%b— a® + 4ab?)u?
—a?b%(a—b) (a+2b) (20> —9ab+a?)u+a*b®(a—4b) (a+2b)2(a—b)2=0
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5 Structure of quasi finite algebras

Let us recall that in classical mathematics an A-algebra B is said to be quasi-finite
if it is of finite type and if prime ideals of B lying over any prime ideal of A are
incomparable.

This last requirement means that the morphism A — B is zero-dimensional.
A constructive characterization of zero-dimensional morphisms uses the zero-
dimensional reduced ring A® generated by A.

A zero-dimensional reduced ring is characterized by the fact that every element
a possesses a quasi inverse: an element b such that a?b = a and b%a = b. Such a
ring is also said to be Von Neuman regular or absolutely flat. The element ab is
an idemptent e,. In the component A[l/e,], a is invertible, and a = 0 in the other
component A/(eg).

From an algorithmic point of view this implies that algorithms for discrete fields
are easily transformed in algorithms for zero-dimensional reduced rings (for more
details see [14, Chapter 4]).

The ring A® can be obtained as a direct limit of rings

Alal,a3,...,a0] ~ (A[T1,T5, ..., Th]/a)

with a = ((@;T? — )™, (Tia? — a;)",) (for more details see [14, section 11.4]).

The direct limit is along the p.o. set of finite sequences of elements of A, or-

dered by (a1,...,an) < (b1,...,by,) iff one has (for each 7) by, = a; for some map
k

{1,....,n} —{1,...,m}.

In classical mathematics we obtain the following equivalence.

Proposition 5.1 Let ¢ : A — B a morphism of commutative rings.
1. Prime ideals of B lying over any prime ideal of A are incomparable.
2. The ring A®* ® 5o B is a zero-dimensional ring.

The morphism A — B is not required to be injective, but the proposition involves
only the structure of B as ¢(A)-algebra.

The second item is taken to be the correct definition of zero-dimensional mor-
phisms in constructive mathematics.

This gives also a good definition of quasi-finite morphisms in constructive math-
ematics: indeed a quasi-finite A-algebra is an algebra B of finite type such that the
structure morphism A — B is zero-dimensional.

We have the following concrete characterization of zero-dimensional morphisms
for algebras of finite type.

Proposition 5.2 Let B be an A-algebra of finite type. The following are equivalent.
1. The structure map A — B is a zero dimensional morphism.

2. There exist ai,...,a, € A such that for each I C {1,...,p}, if we let I' =

{1, . ,p} \ I, Clg,[ = (ai, 1 € I>, Oé&[/ = Hie]’ a; and A(g’[) = (A/agyl) [aaljr}
then the ring B, 1) is integral over A, ). -
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Let us insist here on the fact that the equivalence in Proposition 5.2 has a
constructive proof.

Theorem 5.3 (ZMT a la Raynaud, [15])

Let A C B = Alzxy,...,z,] be rings such that the inclusion morphism A — B is
zero dimensional (in other words, B is quasi-finite over A). Let C' be the integral
closure of A in B. Then there exist elements s1, ..., Sy in C, comaximal in B, such
that all s;x; € C.

In particular for each i, C[1/s;] = B[1/s;]. Moreover letting C' = A[(s;), (siz;)],
which is finite over A, we get also C'[1/s;] = B[1/s;] for each i.

Proof. The concrete hypothesis is item 2. in Proposition 5.2. We have to find
elements s1,...,s,, integral over A, comaximal in B, such that all s;z; are integral
over A.

The proof is by induction on p, the case p = 0 being trivial (in this case B is finite
over A by hypothesis).

Assume we have the conclusion for p — 1 and let a = a,. The induction hypothesis
is applied to the morphisms A/aA — B/aB and A[l/a] — B[1/al.

First we get s1, ..., Sy, integral over A/aA, comaximal in B/aB with all s;z; integral
over A/aA. Let B' = A[(s;), (sizj)] (1 <1 <m,1<j<n). Applying Theorem 1.3
to A C B' and J = aA we obtain w € 1+ aB’ such that all ws;’s and ws;x;’s are
integral over A.

Second, we get ti,...,t, integral over A[l/a], comaximal in B[1/a] with all t;z;
integral over A[1/a]. This gives, for N big enough, a’¥ € (t1,...,t,)B and all a’¥t;’s
and aNtixj’s integral over A.

Since 1 € (s1,...,8m,a)B and 1 € (w, a)B, we have

1e (wsy,...,wsm,a™YB C (wsy, ..., wsm,a t1,... ,ath>.
So we have our conclusion with the family (wsy, ..., wsm,,aVtq,.. ., ath). O
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